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Regular homotopy and total curvature I: 
circle immersions into surfaces 

Tobias Ekholm 

We consider properties of the total absolute geodesic curvature functional on circle 
immersions into a Riemann surface. In particular, we study its behavior under 
regular homotopies, its infima in regular homotopy classes, and the homotopy types 
of spaces of its local minima. 

53C42; 53A04, 57R42 



1 Introduction 

An immersion of manifolds is a map with everywhere injective differential. Two 
immersions are regularly homotopic if there exists a continuous 1 -parameter family 
of immersions connecting one to the other. The Smale-Hirsch /i -principle [8, 4] says 
that the space of immersions M ^ N, dim(M) < dim(A^) is homotopy equivalent to 
the space of injective bundle maps TM — > TN. In contrast to differential topological 
properties, differential geometric properties of immersions do not in general satisfy 
/z-principles, see [3, (A) on page 62]. In this paper and the sequel [2], we study 
some aspects of the differential geometry of immersions and regular homotopies in the 
most basic cases of codimension one immersions. We investigate whether or not it is 
possible to perform topological constructions while keeping control of certain geometric 
quantities. 

Let E be a Riemann surface, ie, an orientable 2-manifold with a Riemannian metric, 
and let c : 5^ ^ S be an immersion of the circle parameterized by arc length. If 
c : 5' — > UT, , where UT, is the unit tangent bundle of E , denotes the natural lift of 
c, then the ^-principle mentioned above implies that the map c ^ c induces a weak 
homotopy equivalence between the space of circle immersions into S and the space 
of continuous circle maps into f/S . In particular, regular homotopy classes of circle 
immersions into E are in one to one correspondence with the homotopy classes of (free) 
loops in UTi . 
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The total absolute geodesic curvature k of a circle immersion c into a Riemann surface 
is given by the integral 



where kg is the geodesic curvature of c, and where ds denotes the arc length element 
along c. We study properties of the functional k on the space of circle immersions, 
starting with the following question. If cq and c\ are regularly homotopic circle 
immersions into a Riemann surface, what is the infimum, over all regular homotopies 
Ct, <t < 1, connecting cq to ci, o/maxo<Ki f^ict)? 

Theorem 1.1 answers this question for the simplest Riemann surfaces of constant 
curvature. We use the following notational conventions: All Riemann surfaces are 
assumed to be complete unless otherwise explicitly stated. If S is a Riemann surface 
then K: T, ^ M. denotes its Gaussian curvature function. For topological spaces X 
and Y, we write X w F to indicate that X is homeomorphic to Y . 

Theorem 1.1 Let E be a Riemann surface and let co,ci : 5^ ^ E be regularly 
homotopic. 

(a) If E has constant curvature K = (the completeness assumption then implies 
E « M^, E « X R, or K ), or if ^ ^ and has constant curvature 
K <0, then there exists a regular homotopy Ct, < t < 1 , connecting cq to ci 
with 

K{ct) < max{K;(co), k(c\)}, < t < 1. 

(b) If E is the 2-sphere with a constant curvature metric (with K > 0) then, for any 
e > 0, there exists a regular homotopy Ct, < t < I, connecting cq to ci such 
that 



Moreover, if cq : 5 — > E runs m times around a geodesic and ci : 5^ E 
runs m + 2 times around a geodesic then any regular homotopy Cf, < t < 1 , 
connecting cq to ci has an instant c-r, < t < 1, with 



Theorem 1.1 is proved in Section 5.3. The proof of (b) uses Amol'd's /^-invariant 
for immersed curves on the sphere, see Arnol'd [1], Inshakov [5] and Tchernov [9]. In 
Remark 5. 1 we present a metric on with A' < for which the conclusion in (a) does 
not hold. 




K(ct) < max{K(co), k(ci),2tt + e}, < t < I. 



K(Cr) > 271. 
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The proof of Theorem 1 . 1 also gives information about infima of k . To state these 
results we first introduce some notation. If S is a flat Riemann surface then parallel 
translation gives a trivialization of UT, and the free homotopy classes of curves in UT, 
are in natural one to one coiTcspondence with 7ri(i;) x Z, where vriCE) encodes the 
homotopy class of a circle immersion and Z its tangential degree. Thus, if E , 
then we denote a regular homotopy class of circle immersions by the integer m which 
equals the tangential degree of any of its representatives, and, similarly, if S 5"' x M 
or H PS T^, then we denote a regular homotopy class by (^,m) G vri(i;) x Z, where 
^ and m is the homotopy class in S and the tangential degree, respectively, of any of 
its representatives. If E is the 2-sphere then there are exactly two regular homotopy 
classes: one represented by a simple closed curve, the other by such a curve traversed 
twice. Finally, if a is a regular homotopy class of curves in a Riemann surface then let 
k{a) = infcea k{c). 

Theorem 1.2 

(a) Let T, be a Riemann surface with K{p) < for all p and assume that either 
S is closed or S w R^. Then the infimum k(a) is attained at some curve in the 
regular homotopy class a if and only if a is representable by (a multiple of) a 
closed geodesic. Moreover, if K{p) = K < is constant and S then k{m), 

m G Z, satisfies 



(b) Let S be a Riemann surface of constant curvature K = (the completeness 
assumption then implies E M? , E ^ x M, or E w T^). Then the 
infimum k((^,, m)) is attained at some curve in the regular homotopy class 
{i,m) G TTi (S) X Z if and only if£^^*orm^Q, where * denotes the homotopy 
class of the constant loop. Moreover, k{{^, m)), m) G vri(S) x Z, satisfies 



(c) Let S be the 2-sphere with any metric and let a be a regular homotopy class of 
circle immersions into E . Then the infimum k{a) equals and is attained at 
some curve in a . 

Theorem 1.2 is proved in Section 5.1. 

A curve in a Riemann surface E with K{p) / for all ;? G E , which is a local minimum 
of K is in fact a closed geodesic, see Proposition 2.2 (a). For flat Riemann surfaces this is 




for m = 0, 
for m ^ 0. 




2tt for{^,m) = {*,0), 

27r(|m|) otherwise. 
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not the case. Here any local minimum of k is a locally convex curve, see Proposition 2.2 
(b). We say that a curve c is locally convex if > everywhere for some orientation 
of c . \f kg > Q everywhere, we say that c is strictly locally convex. In the terminology 
of Gromov [3, page 8], strictly locally convex curves are called free curves. 

The following result describes the homotopy types of the spaces of local minima of k 
for a flat Riemann surface. (Here we think of circle immersions as oriented unit speed 
curves parameterized by arc length.) 

Theorem 1.3 On a flat Riemann surface H (the completeness assumption implies 
S M^, S 5' X M, or S T^), the space ^(^^^m) of (strictly) locally convex curves 
of regular homotopy class (^,m) G vri(S) x Z satisfies 



where ~ denotes weak homotopy equivalence. 
Theorem 1.3 is proved in Section 5.2. 
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2 First variation and local minima 

In this section we compute the first variation of total absolute geodesic curvature. We use 
the result to classify local minima. Since the absolute value function is not differentiable 
at zero, the first variation is expressed as a statement about differences rather than as a 
statement about derivatives. 
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2.1 First variation of total absolute geodesic curvature 



Let c: [0,L] — S be an immersion into a Riemann surface, parameterized by arc 
length. Let ei be the unit tangent vector field of c and let 62 be a unit vector field along c 
everywhere orthogonal to e\ . We consider variations u : [0, L] x{— S,S) ^ T, of c with 
the following three properties: u(s, 0) = c(s), deu;(s, 0) = a(s)e2(s), where de denotes 
differentiation with respect to the second variable, for some function a: [0, L] ^ M, 
and the curves 0Je(s) = u;(s,e) (e fixed) are immersions for e G (—6,6). We also 
introduce the sign function a: W^M. as follows 

'1 forx>0, 
a(x) = < for ;c = 0, 
-1 forx < 0. 



Lemma 2.1 For e G {—6, 6), 



K{ujf) — k{c) =e I / cr{kg) (d + aK) ds 



+ e 



(/ 



\a + aK\ ds + 0(e^), 



where a = ^ . and where 0{€^) denotes a function such that €"0{e^) —^Oase—^0 
for all a > -2. 



Proof To simplify notation, let ^ = d; and ^ = co' . Let V denote the Levi-Civita 
connection and let = Vo; and Ve = Vo;' . If dr denotes the arc length element of 
the curve oj^ and kg(s, e) denotes the geodesic curvature of at s then 



\kg\ dr = \kg(s, e)\\uj\ ds = 



I • |2 



ds, 



where l denotes rotation by | . Assuming kg(s, 0) / and remembering that c is 
parameterized by arc length, we compute 

de{\kgis,0)\\uo\) =(dM'^)\kg\+(T{kg)(^d,{V,u;,iu;)) 

= -2{VeUj,uj)\kg\ + aikg)(^{VeVsU,iio) + (V,w,tVew)) 
= -2{\7sLo',uj)\kg\ 

+ aikg)(^{VsVsUj',Lu) + {Riuj',u)u,LUj) + (V,w,6V,a;')), 
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where R is the curvature tensor. Noting that uj' = ae2, V^ei = kge2, and Vg^i = 
—kgCi , we conclude 

de\kg{s, 0)1 = 2a^g|^g| + a{kg)(^ — ak^ + Ka — ak^^ 
(2-1) = a{kg)(a + Kay 

A similar calculation at s where kg{s, 0) = gives 

de{kg{s,0)\Co\) =a + Ka. 

Hence for such s, 

(2-2) \kg{s,e)\\uj\ = |e||ci + ^a| + 0{e^). 

The result follows by integration of (2-1) and (2-2). □ 

2.2 Local minima of k 

Proposition 2.2 Let E be a Riemann surface. 

(a) If K{p) / for all p £ then an inunersion c: is a local minimum of 
K if and only if it is a geodesic. 

(b) If T, is Hat then an immersion c: 5^ — > S is a local minimum of k if and only if 
it is a locally convex curve. 

In particular, in both cases (a) and (b), any local minimum of k is a global minimum in 
its regular homotopy class. 

Proof Consider case (a). A curve c : 5^ ^ S is a geodesic if and only if kg{s) = for 
all s & and geodesies are global minima of k. Let c : 5^ — > S be a local minimum 
of K. Note that U = {s ^ : kg{s) ^ 0} is open. Assume U is nonempty. Then 
there exists a nonempty open subinterval J C U. For any variation lu{s, e) of c with 
d^uj = ae2 where a: 5^ — > M is supported in / we have 

J a{kg)a ds = 0. 

Thus, since c is a local minimum, we conclude from Lemma 2.1 that 

a{kg)aK ds = 0. 

This contradicts K{p) ^ for all /? G E . It follows that JJ is empty and thus c is a 
geodesic. 
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Consider case (b). Let c: S ^ S be a local minimum. We show that kg cannot 
change sign along c. Assume it does, then there exist two disjoint open subintervals 
and 7_ of such that > on 7+ and < on 7^ . Let A be a subinterval of 5^ 
containing both 7+ and 7_ . Let a: A ^ M be a function such that a is supported in 
small subintervals of U /_ and such that d = r / , where r is a non-zero constant, 
between and /_ . For a variation u; of c with deio = ae2, Lemma 2.1 implies that 

Kiue) - k{c) = ±2re + 0{e^). 

This contradicts c being a local minimum. Consequently, kg does not change sign 
along c and c is locally convex. 

It remains to show that c is a global minimum. Fix a unit speed parametrization of 
c so that kg{s) > for all 5 G 5'. As in Section 1, we construct an orthonormal 
trivialization of TT, by parallel translation with respect to the flat metric. This identifies 
the unit tangent bundle UT, of E with E x 5' and the regular homotopy class of c 
is determined by its homotopy class in E and the degree of vri o c : 5^ — > 5^ , where 
7r2 : Ti X ^ . (Recall that c: ^ VE denotes the natural lift of the unit speed 
curve c.) Moreover, k(c) is simply the length of the curve 7r2 o c. Now, kg(s) > for 
all s £ implies that the length of 7r2 o c equals In times the degree of 7r2 o c and it 
follows that local minima are global minima also in this case. □ 

Remark 2.3 Proposition 2.2 does not hold for arbitrary Riemann surfaces. Consider 
for example the boundary of a convex body in which agrees with the standard 
2 -sphere except that it has a flat region near the north pole. Any locally convex curve 
in this flat region is a local minimum of k but it is certainly not a global minimum in its 
regular homotopy class. 

3 Curvature concentrations and approximations 

In this section we define piecewise geodesic curves with curvature concentrations and 
show that circle immersions can be approximated by such curves without increasing the 
total absolute geodesic curvature. 

3.1 Piecewise geodesic curves with curvature concentrations 

Let S be a Riemann surface. A piecewise geodesic curve in S is a continuous curve 
c : — > S which is a finite union of geodesic segments. More formally such a curve c 
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can be described as follows. Consider a finite collection of geodesies cj: [0, 1] — >^ S, 
j = 1, . . . , m, with cy(l) = cy_|_i(0) for each j (here c^+i = ci ). Let Ij be [0, 1] thought 
of as the domain of cj and let I^+i = h ■ Then the space obtained by identifying 1 G Ij 
with G 7^+1 is a circle which can be considered as the domain of a continuous map 
c : 5^ — >^ E such that if p G 5^ is the image of p' G Ij under the quotient projection 
then c{p) = Cjip') . We say that the points p E with two preimages under the quotient 
projection are the vertices of the piecewise geodesic curve c. We will often deal with 
images of vertices and we call also these image points vertices of c, when no confusion 
can arise. 

Let denote the unit tangent bundle of S . Note that at each vertex c{p) of a piecewise 
geodesic curve c as above, there is an incoming unit tangent vector c/( 1 ) / 1 1 ) | G f/c(p) 
and an outgoing unit tangent vector c;+i(0)/|c/+i(0)| G UcQ,)^. A piecewise geodesic 
curve with curvature concentrations is a piecewise geodesic curve c together with a 
vertex curve 7 : [0, 1] Ucip)^ for each vertex p which connects the incoming- to 
the outgoing unit tangent of c at p and which satisfies the following condition: 7 is 
a continuous piecewise geodesic curve (with finitely many geodesic arcs) in the fiber 
circle Uc(p)T, equipped with the metric induced by the Riemannian metric on S. We 
use the abbreviations PGC -curve to denote piecewise geodesic curves with curvature 
concentrations, and we often write (ci, 71, . . . , c^, 7m) for a PGC -curve with geodesic 
segments Cj and vertex curves 7^ . We say that the length /(t,) of the vertex curve jj is 
the curvature concentration of the PGC -curve c at the vertex c(p) = c/1) = Cy+i(0), 
and that the piecewise geodesic curve with geodesic arcs ci , . . . , is the underlying 
curve of c. 

We note that any PGC -curve c = (ci, 71, . . . , c^, 7^) in S has a natural continuous lift 
c: ^ UTi which consists of the usual lifts Cj of Cj, j = I,. . . ,m, connected by 
the curves jj,j= 1 , . . . , m, in the fibers of UT, S over vertices of c. The lift c of 
c is thus a piecewise smooth curve. In particular, its derivative is smooth except for 
finitely many jump discontinuities where the curve has left and right derivatives. If c is 
a PGC -curve we consider c: ^ UT, as a parameterized curve with its natural arc 
length parametrization scaled by a suitable factor so that its domain becomes the unit 
circle. 

Definition 3.1 The total absolute geodesic curvature of a PGC-curve 

c = (ci, 71,..., Cm, 7m) 



m 



IS 




where lijj) is the length of the vertex curve 7;. 
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Let PgcCi'^ S) denote the set of all PGC-curves in S. We define the distance between 
two elements b and c in Pgc(5'' , S) to be the C"-distance (with respect to the metric 
on UT, induced from the metric on E) between their lifts b and c endowed with 
parameterizations proportional to arc length, as discussed above. A PGC-homotopy is a 
continuous 1 -parameter family of PGC-curves or equivalently a continuous map from 
the interval to Pgc(S^ , S). 

3.2 Approximation 

If S is a Riemann surface then let Imm(5' , S) denote the space of circle immersions into 
E with the C^-topology. Let c : 5' — > E be a circle immersion, let vr = (po> • • • ,Pm) 
be a partition of and let |7r| = maxjd(pj,pj+i) (d is the distance function on 
and we use the convention Pm+\ = Po)- If Kl is sufficiently small then we associate a 
PGC-curve c'^ to c, as follows: c'^ is the PGC-curve with underlying piecewise geodesic 
curve consisting of the shortest geodesic segments between c(j>j) and c{pj^i), and with 
vertex curves 7y which are the shortest arcs in Udpj)^ connecting the incoming- to 
the outgoing unit tangent of the underlying piecewise geodesic curve. We note that 
maxj Z(7y) — > and |k(c) — k{c'")\ ^ as |7r| 0. 

If / : A — > Imm(5^ , E) is a continuous family of circle immersions parameterized by 
a compact space A and if e > is arbitrary, then there exists 5 > such that for 
all partitions vr with |7r| < 5, /'^ : A ^ Pgc(5\ E), defined by/'^(A) = (f{X)Y a 
continuous family of PGC-curves, and there exists an e-small homotopy connecting 
the family of continuous curves / : A ^ UT, to the family of continuous curves 
fi: t/E. 

Lemma 3.2 Let cq : 5' ^ E be a circle immersion into a Riemann surface with 
K<0,K>0,orK = everywhere. Then there exists a regular homotopy Ct, 
< t < I , of Co such that 

(3-1) K(Cf) < k(co), 0<t<\, 

and such that the PGC —curve (defined using any sufficiently fine partition vr ), satisfies 
(3-2) k{cJ)<k{co). 

Moreover, if c is not a local minimum of k then the non-strict inequalities in (3-1) and 
(3-2) can be replaced by strict inequalities. 

Proof Assume K everywhere. Then Proposition 2.2 implies that cq is a local 
minimum if and only if co is a geodesic. Hence, if co is not a geodesic then there exists 
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a «; -decreasing regular homotopy connecting cq to some curve ci . For sufficiently fine 
partition vr, the curve then satisfies (3-2). 

Assume K = 0. If c is not locally convex then the above argument can be repeated. 
Recall from Section 1 that parallel translation in the flat metric gives [/S = S x 5' and 
let 7r2 : f/S denote the projection. If c is locally convex it is elementary to see 
that for sufficiently fine partitions vr, vri o c'^ is monotone and thus k{c'") = k(c). □ 

Remark 3.3 Lemma 3.2 does not hold for general metrics. Consider for example 
with coordinates (x, y) and a metric given by 



in a small neighborhood of c = {x^ + = 1 } . Then K{x, y) < for + > 1 
and K{x, y) > for x^ + < 1 and the geodesic curvature of c is identically equal 
to 1. Let b be any curve which is a -small perturbation of c. Assume that b 
meets c transversely in 2m points. These intersection points subdivide b and c into 
unions of arcs c = 7out U 7in and b = /3out U (3^ , where /3out C {x^ + > 1 } and 
An C {x^ + y^ < 1} and where the endpoints of an arc in (7out) agree with the 
endpoints of some arc in Pout (An)- Let ^ouf i — 1, • • • , 'w, be the m regions bounded 
by an arc in /3out and an arc in and let Jlin , j = 1 , . . . , ?n be the m region bounded 
by an arc in 7out and an arc in An ■ Then the Gauss-Bonnet theorem implies that 



where aj is the exterior angle at the/ intersection point between b and c. Thus 



By approximation we conclude that for any PGC-curve e which lies in a sufficiently 
small tubular neighborhood of c, K(e) > n{c). 

4 Curvature non-increasing homotopies, smoothing, and lo- 
cally convex curves 

In this section we construct special PGC-homotopies of PGC-curves on flat Riemann 
surfaces and on the hyperbolic plane which decrease the total absolute geodesic curvature 
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of a given initial curve and which ends at a curve of certain standard shape. We construct 

similar special PGC-homotopies of curves on the 2-sphere with a constant curvature 
metric. We show that these special PGC-homotopies can be smoothed to regular 
homotopies, increasing the total curvature arbitrarily little. We also study the space of 
locally convex curves on flat surfaces. 

4.1 Flat surfaces 

Let E be a Riemann surface. Let IT : S ^ S be a smooth covering map and endow E 
with the pull-back metric. Define a lift of a PGC -curve c in S to be a PGC -curve b in 
S such that ^ is a lift of c with respect to the induced covering IIj/ : UY, JJT,. 

Let c be a PGC -curve in S with lift ^ in S and let < f < 1 , be a PGC -homotopy 
of b with the following properties: the start-point bt{a) and endpoint bt{uf) of bt satisfy 
Jl{b,{a)) = U(bt(uj)) and Uu(bt(a)) = Uu(bt(uj)), for all t, where bt(a) and btiu) 
are the outgoing- and incoming tangent vectors of bt at bt(a) and btito) , respectively. 
Then bt induces a PGC-homotopy Ct of c by transporting geodesic segments of bt in S 
to geodesic segments of Ct in E with the projection 11 : £ ^ E, and by transporting 
vertex curves of bt to vertex curves of Cf with the induced projection Uu : Ufl UT,. 
(Note that the conditions on the PGC-homotopy bt holds if is a closed curve for each 
t.) 

Lemma 4.1 Let S be a Riemann surface with constant curvature K = and let c be a 
PGC-curvein S. Then there exists a PGC-homotopy Ct, <t < 1, with cq = c, with 

K{ct) < k(c()), for all t, and with the following property: the underlying curve of c\ is a 
geodesic and any curvature concentration of c\ equals tt. 

Proof Consider the case S = M-^ . We claim that any PGC -curve which does not 
have underlying curve a line segment admits a PGC-homotopy which does not increase 
K and which decreases the number of vertices with curvature concentration not a 
multiple of vr. Together with an obvious inductive argument this shows that any 
PGC -curve is PGC-homotopic through an homotopy with properties as above to a curve 
with all curvature concentrations integral multiples of tt . Noting that any curvature 
concentration at a vertex of magnitude mvr, m a positive integer, can be split up into 
m vertices each with curvature concentration vr by a PGC-homotopy preserving k we 
conclude that the claim implies the lemma when E = . 

Consider the claim. If the underlying curve of a PGC -curve is not a line segment 
then it has three consecutive line segments connected by two vertices with curvature 



Algebraic & Geometric Topology 6 (2006) 



470 



Tobias Ekholm 



concentrations which are not integral multiples of tt . At such a vertex the curvature 

concentration is either the sum of the exterior angle of the underlying curve and a 
multiple of It: or the sum of the interior angle of the curve and an odd multiple of tt . 
We call the former type of vertices exterior and the latter interior. We also need to 
distinguish two types of configurations of the three consecutive segments. We say that 
the configuration is convex if all three segments are contained in the closure of one of 
the half planes determined by the line containing the middle segment, otherwise we say 
it is non-convex. To establish the claim, consider three consecutive segments e\, e^, ej 
as above connected at vertices vi and V2. We separate the cases: 

Case 1 If both vi and V2 are exterior, then move V2 along e^ until it reaches the next 
vertex following it. It is straightforward to check that this PGC-homotopy preserves k 
in the convex case and decreases k in the non-convex case. 

Case 2 If vi is exterior and V2 interior, then move vi backwards along ei until it 
reaches the vertex preceding it. This PGC-homotopy preserves k in the non-convex 
case and decreases it in the convex case. 

Case 3 Assume that both vi and vj are interior. If the configuration is convex, then 
move V2 along e^ until it reaches the vertex following it. This is a K-preserving 
PGC-homotopy. If the configuration is non-convex, consider the lines Ij containing ej . 
Assume first that h and I3 are not parallel. Note that the segments ei and ^3 lie in 
different components of M-^ — /2 . If the point h H h lies in the component of — h 
which contains ^3 then move vi along 1\ to li nh. Otherwise, move V2 along It, to the 
intersection point. This PGC-homotopy strictly decreases k. In the case that li and li, 
are parallel, start by moving vi as described above. Note that this decreases n. Thus 
we may change e^ slightly without increasing k past k(co) so that l\ and intersect. 
We then apply the above. 

Note that in either case, the PGC-homotopy described reduces the number of vertices 
with curvature concentration not an integral multiple of tt. The claim follows. 

Consider the non-simply connected case. Since S is a flat Riemann surface, there 
is a covering map 11 : ^ E with deck transformations which are translations of 
M^. Let b he a lift of c. If h is closed, we apply the above result to construct a 
PGC-homotopy bt, < t < 1 , with properties as in the formulation of the lemma. The 
induced PGC-homotopy C(, < f < 1 , of c then satisfies the lemma. If is non-closed 
we hft it in the middle of some segment and apply the construction above to the Mft. If 
at some stage of the PGC-homotopy a moving vertex passes the endpoint of the lifted 
curve, we stop the PGC-homotopy and choose the midpoint of the next segment of the 
curve in the direction the vertex is moving and then proceed. Note that this consttuction 
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applies as long as the underlying curve has at least three distinct geodesic segments. 
Thus, to complete the proof it remains only to study curves with two Mne segments and 
two vertices. 

Let b be the lift of a curve c with two vertices. Let vq and vi be the endpoints of the 
lift b and let / be the straight line segment in connecting vq to V| . Let and e\ be 
the straight line segments of b with one endpoint at vo and at vi , respectively. Let e be 
the segment of b connecting the endpoint of eo which is not equal to vq to the endpoint 
of e\ not equal to vi . Since we hft c at a midpoint of a geodesic segment it follows that 
e passes the midpoint p oil. 

Let Wo and w\ be the vertices where eo and e meet and where e\ and e meet, respectively. 
Choose an orienting basis (e,/) of the plane where e is a unit vector in direction of e 
oriented from vo to vi and where / is a vector perpendicular to e oriented so that the 
direction vector of has positive / component. If A(r, s, f) is a triangle with comers 
at r,s,t e we write a{r, r, s, t) and /3(r; r, j, f) for the exterior- respectively interior 
angle of A(r, j, t) at the comer r. 

We consider separate cases. Consider first the case when both wo and w\ are exterior 
vertices. Rotate the line containing e in the positive directions around p, and rotate the 
lines containing eo and in the negative direction around vq and vi , respectively, so 
that angles change at hnear speed. More precisely if Wg and w\ denotes the intersection 
points between the rotated line containing e and the rotated line containing cq and 
e\ , respectively. Then (3(p; p, wj, y,) = (1 — t)(3(p; p, wj, vj), j = 0,1. Note that the 
segments in the triangles A(p, wj, v,), 7 = 0, 1, which are not parallel to I give a 
PGC -homotopy bt of b which via the projection n induces a PGC -homotopy C( of c. 
Moreover, 



and the curvature concentrations of c\ are integral multiples of In. 

Consider second the case when both wo and wi are interior angles. In this case we 
repeat the constmction above with the important difference that we rotate also the 
lines containing eo and ei in the positive direction. Again the projection gives a 
PGC -homotopy q of c and we have 



but a(vo;p, vo,wo) = I3(p;p,vq,wq) + f3{wo;p,VQ,wo) and hence k{c,) < k{c). Again 
ci has the desired form. 




k(c) - K(ct)) = 2{P(p;p,vo,wo) + /3(vo;;?, vo, wq)) > 0, 
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Finally, if one of wq and w\ is an exterior vertex and the other one is an interior vertex, 
then any one of the above procedures may be used. The result is a PGC-homotopy 
which does not change k : the sum of the interior angle and the exterior angle at wo 
and w\ is constantly equal to vr . This finishes the proof in the non-simply connected 
case. □ 

Lemma 4.2 If co and c\ are two PGC -homotopic PGC -curves on a Riemann surface 
as in Lemma 4.1 then there exists a PGC-homotopy c,, < f < 1 , connecting them 
such that 

K{ct) < max{K(co), k(ci)}, 

for all t. 

Proof After Lemma 4. 1 it is sufficient to consider the case when cq and ci both have 
underlying curves geodesies and all curvature concentrations equal to vr . Any vertex 
curve is thus either a positive or a negative vr -rotation. It is easy to see that neighboring 
vertex curves of different orientations cancel. The lemma follows. □ 



4.2 The hyperbolic plane 

The counterpart of Lemma 4. 1 for curves in the hyperbolic plane differs from the flat 
case in an essential way: the limit curve which arises as the end of a K-decreasing 
PGC-homotopy, is not a PGC-curve in the hyperbolic plane, in fact it often has infinite 
length. To deal with this phenomenon we define a generalized PGC-curve in the 
hyperbolic plane as a PGC-curve which is allowed to have vertices at infinity. More 
concretely, consider the disk model of the hyperbolic plane, 

(4-1) D = {x = {xuX2)eR': \x\<l}, ds' = ^^^±^, 

and add to it the circle at infinity dD. Define a generalized PGC-curve as a piecewise 
smooth curve in D = D U dD which consists of geodesic segments (ie, arcs of circles 
meeting dD at right angles), which is allowed to have vertices on dD, and which have 
vertex curves at all vertices connecting the incoming- to the outgoing unit tangent. Note 
that the length of any vertex curve at a vertex on dD is an odd multiple of vr . We extend 
K to generalized PGC -curves by defining it as the sum of the lengths of all vertex curves 
(the sum of all curvature concentrations). 

To connect generalized PGC-curves to PGC-curves we measure the distance between 
generalized PGC-curves as the C° -distance between their lifts in UD with respect to 



Algebraic & Geometric Topology 6 (2006) 



Regular homotopy and total curvature I 



473 



the metric on UD induced by the Euclidean metric on the plane. Using this metric we 
define a generalized PGC -homotopy as a continuous 1 -parameter family of generalized 
PGC-curves. Moreover, it is clear that the following approximation result holds: if 
b\, X ^ A is any continuous family of generalized PGC-curves parameterized by a 
compact space A and if e > is arbitrary then there exists a family of PGC-curves 
cx, X G A, such that the distance between b\ and cx is less than e and such that 
I'^C^a) — k{cx)\ < e for every A G A. 

Lemma 4.3 Let T, ^M? be a Riemann surface of constant curvature K < and let c 
be a PGC -curve in H. Then there exists a generalized PGC -homotopy Ct, < t < I, 
with Co = c, with K{ct) a non-increasing function of t, and with the following property: 
c\ is a generalized PGC -curve with all its vertices on the circle at infinity, and with all 
curvature concentrations equal to vr. 

Proof Note that k is invariant under scaling. Therefore we may assume that ^ = — 1 . 
Then T, = D, where D is as in (4-1). Let c be a PGC-curve in S. Consider a vertex 
curve 7 of c at the vertex p € D. Let ei be the incoming geodesic arc of c at p. We 
consider two cases separately. 

Case 1 Assume that /(7) = a + nln where < a < n and n > 0. In this case the 
vertex curve is, modulo 27r -rotations, the exterior angle of the curve. We push the 
endpoint of ei backwards along ei until we reach its start-point. At this moment we 
have reduced the number of non-infinite vertices of c with curvature concentrations not 
a multiple of vr by one. To see that this generalized PGC-homotopy does not increase k 
we calculate with notation as in Figure 1, 



and hence k does not increase. 

Case 2 Assume that Z(7) = a + nln where n < a < 2tt and « > 0. In this case the 
vertex curve is, modulo Ivr -rotations, the complementary angle to the exterior angle. 
We push the vertex in the positive direction along ei until it hits dD, thereby reducing 
the number of non-infinite vertices by one. To see that this PGC-homotopy does not 
increase k we. calculate with notation as in Figure 2, 



and hence k does not increase. 

Repeating this argument a finite number of times we remove all non-infinite vertices of 
c . To finish the proof we note that any vertex curve at infinity has length vr + lirnr , for 
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Figure 1 : Removing an exterior angle 




Figure 2: Removing an interior angle 

some integer m >0, and that the Ivrm-concentration can be pushed along one of the 
geodesies which ends at the infinite vertex so that it lies in D (not in dD). Finally, such 
a curvature concentration of magnitude I-km in the finite part of the disk can be split up 
and pushed to 2m curvature concentrations at infinity, each of length vr . In Figure 3 
this is illustrated for m = 1 . (If the multiplicity of the geodesic on the left hand picture 
in Figure 3 is ^ , then the multiplicity between the two curvature concentrations on the 
right hand side is ^ + 2 .) □ 

Our next goal is to deform any generalized PGC-curve with its vertices at infinity to a 
standard form. To this end, we distinguish two different vertices at infinity: let x be 
a vertex on dD of a generalized PGC-curve with incoming geodesic segment along 
the geodesic c,- and outgoing geodesic segment along the geodesic Cg . Note that c, 
subdivides D into two components. Let D+ be the component with inward normal u 
along c, such that if n{x) is the outward normal of dD at x then n{x), z^(x) is a positively 
oriented basis of M? . Let D be the other component. If c, = Co then we say x is a 
degenerate vertex. Assume that x is a non-degenerate vertex and that the vertex curve 
at X is a positive (negative) vr -rotation. Then we say that x is an over-rotated vertex if 
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Figure 3: Splitting a curvature concentration 

Co lies in D_ (D+), otherwise we say it is an under-rotated vertex. 

We say that a generaUzed PGC-curve of tangential degree (Whitney index) m in the 
hyperbolic plane is in standard position if it has the form of the curve in Figure 4, where 
if, \m\ 7^ 0, all vertex curves have length vr and have the same orientation. Clearly any 
two PGC-homotopic generalized PGC-curves in standard position are PGC-homotopic 
through such curves. 




Figure 4: A curve in standard position 



Lemma 4.4 If cq and ci are two PGC-homotopic PGC-curves in the hyperbolic plane 
each with at least one curvature concentration not an integral multiple of vr, then there 
exists a PGC -homotopy Ct, < t < 1 , from cq to ci such that 

K-ict) < max{K(co), k(ci)}, 

for all t. 
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Proof Using Lemma 4.3, we defom any given PGC-curve to a generalized PGC-curve 
with all its vertices at infinity and all curvature concentrations equal to vr without 
increasing k . In fact, the condition that some curvature concentration is not an integral 
multiple of vr implies that k is decreased by this deformation. It is thus sufficient to 
show that any generalized PGC-curve with all its vertices at infinity and all curvature 
concentrations equal to vr may be deformed to a curve in standard position by a 
generalized PGC-homotopy which increases k arbitrarily little. 

Note that any generalized PGC-curve with all its vertices at infinity which has only two 
infinite vertices is automatically in standard position. Assume inductively that any such 
curve with < m vertices can be brought to standard position by a PGC-homotopy which 
increases k arbitrarily little and consider a curve with m vertices. 

If the curve has an under-rotated vertex then this vertex can be removed using the 
method of Case 1 in the proof of Lemma 4.3. The inductive assumption finishes the 
proof in that case. We thus assume that the curve does not have any under-rotated 
vertices. 

Consider a curve which satisfies this assumption and which has two curvature concen- 
trations of opposite signs. Such a curve must have two vertices a and b with curvature 
concentrations of opposite signs which are connected by a geodesic arc C. Let A and 
B be the other geodesies with endpoints at a and b, respectively. Since every vertex 
is over-rotated, it follows that C separates A from B . Push the second endpoint of B 
which is not equal to b until it is very close to a and the endpoint of A which is not 
equal to a until it is very close to b . With this done, push the curvature concentrations 
inwards along C and cancel them increasing k arbitrarily little. The initial phase of the 
latter homotopy is shown in Figure 5. 




Figure 5: Canceling opposite concentrations 

Finally, assume that there are no under-rotated vertices and that all of the vertices have 
curvature concentrations of the same sign. In this case we pick a first vertex and move 
the second toward it, eventually creating a small geodesic. We then move the third 
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vertex toward the second and so on. We claim that either this process creates a standard 
curve or it creates an under-rotated vertex. To see this, let pj be the first vertex which 
has not been moved. There are two cases, either pj can be moved without passing 
Pj+2- In this case the construction continues. Or, pj must pass /7y+2 in which case an 
under-rotated vertex at p^+i is created. The claim and the lemma follow. □ 

4.3 Constant curvature spheres 

Lemma 4.5 Let E be the 2-sphere with a constant curvature metric and let c he a 
PGC-curve in S. Then there exists a PGC-homotopy Ct, < t < 1, with cq = c, with 
K(ct) a non-increasing function oft, and with the following property: the underlying 
curve of ci is a geodesic and any curvature concentration of c\ equals vr. 

Proof As in Lemma 4.3, scaling invariance of k implies we may assume K = I. We 
claim that any PGC-curve c which does not have underlying curve a geodesic admits a 
PGC-homotopy which does not increase k and which decreases the number of vertices 
with curvature concentration not a multiple of vr . As in the proof of Lemma 4. 1 this 
finishes the proof. 

Let po denote the start and pi denote the endpoint of a geodesic ei of c. Let eo and 62 
be the other geodesic segments connecting to po and pi , respectively, and let p2 denote 
the other vertex of 62- Let Gj be the great circle in which ej has its image. If g is a 
geodesic on S we let l{g) denote its length. We must consider two separate cases. In 
the first case /(ei) / mir for all integers m > 0. In this case we deform the curve by 
moving pi along G2 in such a way that the length /(70) of the vertex curve 70 at po 
decreases. We stop this deformation the first time p\ hits p2 or one of the points in 
Go n G2, or, when /(70) = nn, for some integer n. At this instant we obtain a curve 
with the number of vertices with curvature concentration not an integral multiple of vr 
one smaller than the corresponding number for c . 

A straightforward case by case check shows that this deformation does not increase 
K. More precisely, there are 16 subcases to check. They arise as follows. First 
l{e\) = a + lirm, < a < vr where m > is even or odd, second the tangent vectors of 
eo and 62 at po and pi , respectively, points into different components of E — Gi or into 
the same component, third and fourth the lengths of the vertex curve 7^ at pj satisfies 
= a + 2vrm, < a < vr, where m > is even or odd, 7 = 0,1. However, the fact 
that K does not increase follows in all of these subcases from one of the following two 
computations. 
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First, with notation as in Figure 6, we calculate 

/5' + (vr - (a - a')) + tt - /? + / KdA = 2TT. 

Thus, 



I 

Jn 

Second, with notation as in Figure 7, we calculate 



Ak = {a +/?')-(« + /?) = - / KdA < 0. 

n 




Thus, 



Figure 6; Removing a vertex I 



/? + (vr - /?') + (vr - (a - a')) + / KdA = Itt. 

Jn 

Ak = {a +p')-{a + l3)= / KdA- 2{a - a') < 0, 

Jn 



where the last inequality follows since 2(a — a') = f^^KdA where F is the angular 
region between the geodesies connecting antipodal points and intersecting at an angle 
a — a' , and since 17 C F . 

In the second case Z(ei) = mr for some integer n > 0. In this case we rotate e\ in such 
a way that the length of at least one of the vertex curves at the endpoints of e\ decreases. 
The process stops when one of the vertex curves becomes an integral multiple of tt . 
This finishes the proof. □ 

Lemma 4.6 Let cq and ci be any two PGC -homotopic curves on a Riemann surface 
E as in Lemma 4.5. Then there exists a PGC -homotopy Ct, < t < 1 , connecting cq 
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Figure 7: Removing a vertex II 

to ci with 

K{ct) < min{K(co), K(ci),27r}, 

for all t. 



Proof Lemma 4.5 shows that it is enough to consider two curves with the properties of 
ci there. We first show how to deform such a curve to a multiple of a closed geodesic. 
Fix a first vertex p and the orientation of the great circle of its incoming geodesic. Move 
the second vertex q to the antipodal point of the first and rotate the arc which connects 
p and <7 an angle vr . Note that after the rotation, the orientation of the arc agrees with 
the fixed one. If the orientation of the vertex curves at p and q are the same then this 
rotation removes two vertices and decreases k. If the two vertex curves have opposite 
orientations this rotation does not change k and one vertex with vertex curve of length 
Itt is created. Splitting this new born vertex into two and repeating the above argument 
removes them. In this way, we eventually remove all vertices. 

To finish the proof we need only show how to increase the number of times a curve 
encircles a geodesic by 2 not increasing k by more than 2it . We use the following 
procedure. Create two curvature concentrations of length vr and of opposite orientations 
keeping k not larger than lir . Applying the procedure described above, we arrive at a 
curve which goes two more times around the geodesic. □ 
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4.4 Curves with self-tangencies on the sphere 

A generic circle immersion into a surface has only transverse double points. In generic 
regular homotopies there appear isolated instances of triple points and self-tangencies. 
The self-tangencies are of two kinds direct when the tangent vectors at the tangency 
point agree and opposite when they do not. Let S denote the 2-sphere with a constant 
curvature metric throughout this subsection. 

Lemma 4.7 Any circle immersion c: 5^ ^ S with an opposite self-tangency satisfies 
k{c) > 2-K. 

Proof Since c is not a geodesic we may decrease k{c) by a small deformation, keeping 
the self-tangency, see the proof of Proposition 2.2. Let b be the curve resulting from 
such a deformation. Fix a partition vr of the circle such that the PGC -approximation 
of b satisfies K{b^) < k{c), see Lemma 3.2. Let S be a PGC-curve close to b^ which 
contains two segments of the same geodesic close to the self-tangency point of c and 
such that K(b) < k(c) . 

Apply the deformation in the proof of Lemma 4.5 to b with the endpoint of one of 
the self-tangency segments as . Note that as this process reaches the endpoint of 
the other self-tangency segment, the PGC-curve constructed must contain a geodesic 
segment with at least one vertex curve of length vr . Since the process does not increase 
K and since the lift of a PGC-curve is closed, it follows that K(b) > In and therefore 
k{c) > It:. □ 

In order to prove Theorem 1.1 (b) we are going to apply Amol'd's 7^ -invariant of 
immersed curves on . Amol'd introduced his invariant for circle immersions in the 
plane, see [1]. Its existence for curves on more general surfaces was established by 
Inshakov [5] and Tchemov [9] . The existence of the J -invariant stems from the 
following fact: if cq and c\ are two self-transverse regularly homotopic curves on 
then the algebraic numbers of opposite self-tangencies in any two generic regular 
homotopies , < f < 1 , connecting them are equal. This number is called the 
relative 7^ -invariant of cq and c\, we will denote it A/^(c(),ci). To compute the 
algebraic number of self-tangencies each self-tangency moment is equipped with a sign 
as follows: it is a positive moment if it increases the number of double points of the 
curve, otherwise it is negative. 

Lemma 4.8 Let k > be an integer and consider the circle immersions ^ T, 
which go k and k + 2 times respectively around a geodesic (a great circle). Let cq and 
ci be any small perturbations of these curves. Then |A7^(co,ci)| =2. 
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Proof Any sufficiently small perturbation of a curve going around a geodesic can be 
thought of as a multi-graph over the 0-section in a tubular neighborhood of a great 
circle. This implies that there exist deformations without opposite self-tangencies 
connecting any two such perturbations. To compute A/^(co, ci) it is thus sufficient to 
pick two perturbations and count the algebraic number of opposite self-tangencies in 
one regular homotopy connecting them. In Figure 8, the first picture illustrates a curve 
in a neighborhood of the north pole which is obtained by shrinking a perturbed multiple 
of the equator and in the first deformation one kink is pulled over the south pole. The 




Figure 8; Computation of AJ 
lemma follows from Figure 8. □ 

4.5 Smoothing pgc-homotopies 

The PGC-homotopies in Lemma 4.1, Lemma 4.3 and Lemma 4.5 have very special 
forms. We show that such PGC-homotopies can be made smooth in a standard way, 
increasing the total curvature arbitrarily little. 

Consider first two unit vectors Vjn G and Vout G and let 7 be a geodesic in 
connecting Vjn to Vout and let 5 > be given. Fix a family of reference curves 
b{vin, Vout, 7) inside the unit disk such that b agrees with the straight line in direction 
Vin (vout) near the endpoints. The tangent map of b is homotopic to 7 with endpoints 
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fixed and the total curvature of b exceeds the length of 7 by at most 5. Clearly there 
exists such families which depend continuously on the data for all 5 > 0. 

We first discuss smoothing of a fixed PGC-curve. Let c = (ci,7i, . . . ,Cm, 7m) be a 
PGC-curve such that all vertex curves are immersions. For sufficiently small e > , we 
define an e-smoothing of c as follows. Fix a disk of radius e > around each vertex of 
c . Under the inverse of the exponential map at a vertex the curve c looks like the model 
discussed above. More precisely, in the tangent space of the surface S at a vertex p we 
have an incoming unit tangent vector Vin and an outgoing one Vout , and we glue in the 
curve Z?(vin, Vout, 7) in this tangent space. We then scale the glued in curve by e and 
map it back into S with the exponential map at p. Applying this procedure at each 
vertex we get a smoothing c of c. Note that k{c) can be made arbitrarily close to k{c) 
by choosing 5 and e sufficiently small. (The deviation from the flat case is measured 
by a curvature integral over a region with area going to with e .) We illustrate this 
smoothing process in Figures 9 and 10. 



We next note that all PGC-homotopies in the proofs of Lemma 4.1, Lemma 4.3 and 
Lemma 4.5 have one of the following forms 

• One geodesic segment of a PGC-curve moves along a consecutive segment. 

• Two curvature concentrations of magnitude vr and with opposite orientations are 
created or annihilated somewhere along a PGC-curve. 

• A homotopy of the form presented in the last part of Lemma 4. 1 . 
We call such PGC-homotopies simple. 




Figure 9: Smoothing of exterior angle 




Figure 10: Smoothing of interior angle 
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Lemma 4.9 Let c,, < t < I, be a simple PGC-homotopy between two PGC -curves 
Co and ci with immersed vertex curves. Then, for any e > there exists a regular 
homotopy c, connecting the e-smoothings cq and c\ with 

max nict) < max nict) + lOe. 

0<«<1 0</<l 

Proof The proof is straightforward. Consider a PGC-homotopy of the first type. 
We define Cf as the e -smoothing of c, for t outside a neighborhood of 1 . Inside a 
neighborhood of 1 we may again use local flat models and define c, by composing with 
the exponential map. A picture of such a local model is shown in Figure 1 1 . For the 




Figure 1 1 : A regular homotopy near two meeting vertices 
local model of a simple homotopy of the second type, see Figure 12. 



Figure 12: Creation of curvature concentrations 

For simple homotopies of the third kind one may simply take c, to equal the e-smoothing 
of Cf for all f. □ 
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4.6 Locally convex curves on flat surfaces 

Let S be a flat Riemann surface (E w S w 5^ x M, or E w M?). For /? e S, 
V G UpT,, and m) G 7ri(S) x Z let „,)(p, v) iCl(^^m)(P, v)) denote the space of all 
(strictly) locally convex circle immersions c : 5' — > S of regular homotopy class m), 
see Section 1, such that c(l) = p and c(l) = v. (As usual we use the -topology on 
the space of circle immersions.) 

Lemma 4.10 The spaces ^(^^m)(p, and Cl(^ m)(p, v) are weakly contractible. 

Proof We start in the simply connected case, E = M^. Let F denote Qm(p,v) or 
Cl,„(p, v). Let r : S" ^ F he a continuous map from the w-sphere, r(;<:) = Cx- — > 
M}. We think of as an interval [0,L] with endpoints identified. Thus Cv(0) = p and 
Cx(0) = V, for some fixed point p, some unit vector v, and all x G 5". To prove the 
lemma we must extend T continuously to the (n + l)-ball . 

Fix a small e > and a unit vector w such that (v, w) = and such that in the 
orientation of the plane induced by the basis w, v the tangential degree of the curves 
Cx are positive. We claim that there exist continuous maps tj: S" —>■ M., j = 1,2, with 
< t\(x) < t2(x) < L, and with the following properties: Cx{t\(x)) lies in the short 
sub-arc of between (cos e)v + (sin e)w and (cos 2e)v + (sin 2e)w, Cx{t2{x)) lies in 
the short sub-arc between (cose)v — (sine)w and (cos2e)v — (sin2e)w, ti(x) lies 
in the component of c~^{A^) closest to 0, and t2{x) lies in the component of c~^{B^) 
closest L. 

In the strictly locally convex case this claim is obviously true: consider preimages under 
Cx of fixed points in and to define t\{x) and t2(x), respectively. To see that it 
holds also in the non-strictly locally convex case we argue as follows. By continuity, 
the subset A c S" x S\ 

A = {{x,t): Cx{t) e int(Ae)}, 

where int(X) denotes the interior of X, is open. In particular, for each x G 5" there 
exists rx > such that 

fl c;\mtiAJ) 

contains an interval Ix . Cover 5" by balls B{x, r^) with this property. This cover has 
a Lebesgue number 6 > 0. Triangulate 5" by simplices which are so small that for 
every vertex in the triangulation, the union of all simplices in which this vertex lies is a 
subset of diameter less than 6. It is then straightforward to construct ti: 5"" ^ M : if v 
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is a vertex take ti{v) as any point in where x is some point such that the union of all 
simplices containing v lies in B(x, rx). By contractibility of the interval we can now 
inductively extend this function over higher dimensional skeleta of the triangulation. In 
the final step we get the desired function on S" . 

Let qx be the intersection point of the tangent lines to Cx at Cx(ti(x)) and Cxit2(x)). 
Define an initial deformation of the curves Cx in the family which pushes Cx toward the 
piecewise linear curve obtained by replacing Cv([0, fi(x)]) U Cxiltiix), L]) with the curve 
Cx{tiix))qx U Cxit2ix))qx, where ab denotes the line segment between a and b. To stay 
in the space of pointed curves we also translate and slightly rotate the curves to ensure 
that they pass through p with the right tangent, see Figure 13. Clearly, this deformation 



push 




Figure 13: An initial deformation 

can be made continuous in x and chosen in such a way that the resulting curves, still 
denoted Cx , are strictly locally convex at CxiO) = p for each x S" . 

The next step is to deform the curves so that the marked point is a global minimum 
of the height function in direction w. To this end, let Tj: S" M, 7 = 1,2, 
< Ty{x) < T2{x) < L be continuous functions on 5" such that Cx{Ti{x)) {Cx{T2{x))) 
lies in an ry-arc ending at w (beginning at —w) in the orientation of determined 
by Cx and such that Ti{x) {T2{x)) lies in the component of c^'(C^) closest to (to L). 
In the strictly locally convex case such functions are easily constructed using suitable 
points in the preimage c7^(±w). In the non-strictly locally convex case, such functions 
can be constructed using the same arguments that were used in the construction of the 
functions tj,j = 1, 2, just given. Let w\{x) = Cx(T\{x)) and let W2(x) = —Cx{T2{,x)). 

Pick M > such that the minimum point Cx{q) in the w-direction of any curve Cx , 
X G 5", satisfies {w,Cx{q) — p) > —^M. Pick r/ > sufficiently small so that the 
intersection point r of the lines in direction wi(x) and W2(x) passing through CxiTi{x)) 
and Cx(T2ix)) respectively satisfies {w, r — Cxiq)) < —20M. Consider the subdivision 
of the source circle of Cx into two arcs Z)i(x) and D2ix) as follows: the endpoints of the 
arcs are Ti(x) and T2ix), Di{x) contains the marked point, and D2{x) does not contain 
it. 



Algebraic & Geometric Topology 6 (2006) 



486 



Tobias Ekholm 



For < 5 < ^, define c^x as the curve which consists of the following four pieces: 
the curve Cx{D2{x)), the line segment Z] in direction wi(x) starting at Cx{T\{x)) and 
such that the projection of this segment to a line in the w-direction has length lOsM, 
a suitably scaled version of the ti^anslate of the curve Cx{D\{x)) along /], which is 
tangent to the line through Cv(r2(x)) in direction W2(x), and finally the line segment 
ll in direction — wiCx) connecting the scaled and translated Cx{D\{x)) to Cx{D2{x)) at 
CxiTiix)), see Figure 14. In the case when f is a space of strictly convex curves we 




Figure 14: Making the marked point a global extremum 

replace the straight line segments in Csx{t) above with slightly curved circular arcs. 
(In fact, since 5" is compact we can take these arcs to have curvature smaller than 
ramx^S" ^^^t&[ii,L\{\kg{t)\) .) Finally, to have the curves mapping the marked point to p 
we also compose with a suitable translation. 

The second step in the deformation takes all the curves in the family to curves with image 
in a large circle. Let C be a circle through p with tangent v at p. Let D be the bounded 
component of the plane with boundary C. If the radius of C is sufficiently big then we 
may choose C so that all curves ci^ has image in D and C H Ci^([0, L]) = ciJO). For 

2 2 2 

< 5 < 1 let C(_j_(_i)^ be the continuous family of convex curves which is the union 
of a curve in C starting at p and ending at the intersection point of the negative tangent 
half-line of ci ^ at ciJsL), follows this half-line, and then goes along ci_^. For 5=1, 
we get a curve wrapping around C, see Figure 15. The construction is continuous in 
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Figure 15: Making a locally convex curve circular 

X and therefore gives a continuous extension of the map F : S" ^ F over , as 
desired. (Again, in the case of strictly locally convex curves we replace the tangent 
half-line with a very slightly curved circular arc.) 

We next consider the non-simply connected case. In this case we have a covering 
n : ^ E where the deck transformations are translations. We lift the curves Cx at 
the marked point. In the case when F is the space of non strictly locally convex curves 
a similar local deformation as the initial deformation above makes all curves strictly 
locally convex at the marked point. Let bx denote the lifted curves. We have bxiO) = 0, 
bx{L) = q,bx{0) = v = bx{L). 

Let lo and Iq be the straight lines through and q respectively with tangent vector 
V. By strict local convexity, for one of the unit vectors w orthogonal to v, we have 
{bx(t),w) > for f in a (punctured) neighborhood of and for t in a (punctured) 
neighborhood of L. For convenience, assume that {q,w) > (otherwise change 
coordinates in so that q = 0). We construct 7) : 5" — > M, j = 1, 2, analogous to the 
functions with the same names above, in a similar way as above so that bxiTi (x)) f» w 
and so that bx(T2(x)) « — w. As above, we add straight line segments to bx so that 
bxiO) (or bx(q)) is the global minimum of the height function in direction w and so that 
bx intersects the region between the two lines Iq and Iq in an arc. 

Pick two circles Co and Q through and q, respectively, both with tangents v at these 
points. Let Dq and Dq be the bounded components of the plane which are bounded by 
Co and Cq, respectively. If the circles have sufficiently large radii then bxi[0, L]) C Dq 
for each x and bx intersects Dq — Dq in an arc. Let C be the boundary of the convex 
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hull of Co and Cq. As above, we deform bx using its negative tangent half-line. For 
< s < T where r is the smallest number such that the negative tangent half-line at 
bxir) intersects C in a point in Cq . We let bsx be a part of C followed by the negative 
tangent half-line, in turn followed by the rest of bx ■ For s > r we let bsx be the curve 
with initial part as above followed by a curve in Cq , in turn followed by the tangent 
half-line, and finally the rest of bx- At s = L we find that every curve in the family is a 
curve which is a segment in C followed by a curve with image in Cq, see Figure 16. In 




Figure 16: The final stage of a deformation of the lift of a locally convex curve 

the case of strictly locally convex curves it is easy to modify the deformation described 
so that it keeps all curves strictly locally convex. This finishes the proof. □ 

Lemma 4.11 The inclusion ^(^,m) C ^(s^,m) induces surjections 
on homotopy groups, for all r. 

Proof The proof of Lemma 4.10 homotopes an arbitrary family of (based) locally 
convex curves to a family of strictly locally convex curves. Hence we need only consider 
what happens to the base point. Let F : 5" ^ ^(5,m) be a family of curves. First use 
the initial deformation of the proof above to make all curves strictly locally convex in 
a neighborhood of 1 G 5' . With this accomplished we lift all curves in the family to 
M^, by lifting at c(l). (If « > 2 then we can lift the whole family in this way however 
when n = \ the start- and endpoints of our lifts may differ by a translation.) Now 
apply the procedure of the proof of Lemma 4.10. Note that (in the case n = \) the 
procedure behaves well with respect to translations. Hence, any F : 5" ^ can 
be homotoped to a map F' : S" ^ ^(£,,m) ■ This finishes the proof. □ 

5 Proofs 

In this section we prove the theorems stated in Section 1 . 
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5.1 Infima 

Proof of Theorem 1.2 Consider first case (c). A well-known theorem of Lyusternik 
and Fet [7] says that the 2-sphere with any metric (actually any closed Riemannian 
manifold) has a non-constant simple closed geodesic, see also Jost [6, Section 5.5]. 
This geodesic traversed once and twice respectively gives representatives with k = 
for both regular homotopy classes on the 2-sphere. 

In case (b) it is easy to construct a locally convex curve in any regular homotopy class 
m) with ^ / * or 7« / 0. Note that the class (*, 0) can neither be represented by 
a closed geodesic nor by a locally convex curve. Hence k(c) can be decreased for 
each c of regular homotopy class (*, 0). Moreover, the curvature decreasing procedure 
in the proof of Lemma 4.1 gives in this case a PGC-curve with underlying curve a 
geodesic segment. Since the lift of that PGC-curve is closed it must have at least two 
curvature concentrations of magnitude vr. Hence k(*,0) > Itt. Approximating a 
segment traversed twice with two vertex curves which are rotations vr and — vr we find 
that k{*, 0) = lir. 

Finally, in case (a), it follows as above that the infimum is not attained in classes not 
representable by geodesies. To find the infima in case S « we apply Lemma 4.3 to 
conclude that it is enough to find the minimal k of a generalized PGC-curve in standard 
form in a given regular homotopy class. It is straightforward to check that a curve 
in standard form representing the regular homotopy class m has two vertex curves of 
length vr if \m\ = and \m\ + 1 vertex curves of length vr otherwise. □ 

5.2 Locally convex curves 

Proof of Theorem 1.3 Let v be a (covariantly) constant unit vector field on E. Let 
^(i,m)(v) and ^(^^m){v) denote the space of strictly locally convex-, respectively, locally 
convex curves c with c(l) = v. Consider the evaluation maps e{c) = c(l), 

e: i7(5_m)(v) ^ S ande: 0,(^^m){v) ^ T,. 

These maps are clearly Serre fibrations: using translations we can lift any map from 
an n-disk into S. The fibers of these fibrations are i^(^,m)(p,v) and i}(^^m)(p,v), 
respectively, which are both weakly contractible by Lemma 4.10. Hence 

with isomorphisms induced by evaluation. 
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Assume m 7^ and consider the fibration 

e'{c) = c(0). This is a Serre fibration since c : 5^ — > SMs a covering map (here it is 
essential that the curves are strictly locally convex). Since the fiber of e' is „,)(v) 
we find that 

with isomorphism induced by the evaluation map. Since TTriUT.) = if r > 1 we 
conclude from Lemma 4.11 that TTk{'^((,,m)) = T^kC^i^^m)) for all k. 

We finally consider m = 0. In this case the space under consideration is the space 
of closed geodesies in a fixed homotopy class. If E 5' x M any element in such a 
space is uniquely determined by its intersection with M x {1} and 7r^i(c(l)), where 
TTji : 5' X M ^ is the natural projection. Thus fl(^fl) ~ S. Similar arguments give 
the same result when S . □ 

5.3 Regular homotopies 

Proof of Theorem 1.1 Consider first case (a). If E is flat and both cq and ci are 
closed geodesies or locally convex curves then the theorem follows from Theorem 1.3. 
In all other cases we may first decrease the total curvature a little by Proposition 2.2 
and then approximate by a PGC-curve as in Lemma 3.2. In the flat case the theorem 
then follows from Lemma 4. 1 , which allows us to deform both curves to a standard 
form without increasing k, Lemma 4.2 which allows us to connect these curves, and 
Lemma 4.9 which allows us to smooth the entire homotopy keeping control of k. In 
the case of negative curvature the theorem follows in a similar way from Lemmas 4.3, 

4.4 and 4.9. 

In case (b) we argue in the same way to prove the first statement using Lemmas 3.2, 
4.5, 4.6 and 4.9. The second statement follows from Lemma 4.8 which shows that any 
regular homotopy Ct, < t < I , connecting the two multiple geodesies of different 
multiplicities must have an instant Cr which is a curve with an opposite self-tangency 
and Lemma 4.7 which shows that k(Ct-) > lir. □ 

We end the paper by demonstrating that Theorem 1.1 (a) does not hold for Riemann 
surfaces with metrics of non-constant curvature with A' < 0. 

Remark 5.1 Consider the upper half-plane with coordinates {x,y), y > and metric 

ds^ = e^f^y\dx^ + dy'^), 
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where/: (0, oo) ^ M is a (weakly) convex function such that its derivative/' satisfies 
f'(y) = for y G [1 , 2] U [3, 4] , and such that its second derivative/" satisfies /"(y) > 
for y G (0, 1) U (4, oo) and such that/(y) = — Iog(j) for y in some neighborhood of 
and of oo . 

Let Ao = Mx [1,2], Ai = M x [3,4], and B = M x (0, oo) - (AqUAi). Then K{p) = 
for p G Ao UAi and K{p) < for /7 G 6. Let cq and ci be convex curves in Aq and Ai , 
respectively. Then cq and ci are regularly homotopic. We claim that for every regular 
homotopy Cj , < f < 1 connecting cq to ci , there exists an instant Cr with k(Ct-) > 27r. 
To see this note that as long as the curve Ct stays in Aq it must remain convex, otherwise 
K > 2tt. In particular, the curve must remain embedded. Let to be the last moment 
when the curve lies completely inside the closure of Aq. Since embeddedness is an 
open condition we see that Cr is embedded for all t > to sufficiently close to ■ Note 
that Cfg n dAo ^ . Pick some line / parallel to 5Ao , and close to a point in Cfg fl SAq 
and such that Ct^ intersects it transversely in two points. (The existence of such a line 
follows from Sard's lemma.) Then also Cr meets / transversely for r sufficiently close 
to fo ■ Applying the Gauss-Bonnet theorem to the two curves bounded by the bounded 
segment of / cut out by Cr and the two remaining pieces of Cr we find K(cr) > 27r. 
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Regular homotopy and total curvature II: 
sphere immersions into 3 -space 



Tobias Ekholm 



We consider properties of the total curvature functional on the space of 2-sphere 
immersions into 3-space. We show that the infimum over all sphere eversions 
of the maximum of the total curvature during an eversion is at most Stt and we 
establish a non-injectivity result for local minima. 

53C42; 53A04, 57R42 



1 Introduction 

An immersion of manifolds is a map with everywhere injective differential. Two 
immersions are regularly homotopic if there exists a continuous 1 -parameter family of 
immersions connecting one to the other. The Smale-Hirsch -principle [10, 4] says 
that the space of immersions M —>■ N, dim(M) < dim(A') is homotopy equivalent to 
the space of injective bundle maps TM — > TN. In contrast to differential topological 
properties, differential geometric properties of immersions do not in general satisfy 
-principles, see [3, (A) on page 62]. In this paper and the predecessor [2], we study 
some aspects of the differential geometry of immersions and regular homotopies in the 
most basic cases of codimension one immersions. We investigate whether or not it is 
possible to perform topological constructions while keeping control of certain geometric 
quantities. 

Consider immersions 5"^ ^ . In this case the /j-principle implies a famous theorem 
of Smale [9] : all immersions 5^ — > are regularly homotopic. In particular, there 
exists sphere eversions (ie, regular homotopies connecting the unit 2-sphere in to 
the same immersion with the opposite (co)orientation). 

The total curvature nif) of a sphere immersion f : ^ M^* is the mapping area of its 
Gauss map: 



where K is the Gaussian curvature and da the area element induced on by the 
immersion /. The functional k (and its higher dimensional generalizations) is also 
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known as the Lipschitz-Killing curvature. It follows from the Gauss-Bonnet theorem 
that the global minimum of k equals A-k . An immersion for which this value is attained 
is called tight (or convex) and is known to be the boundary of a convex body in , 
Kuiper [5] . This characterization of tight immersions immediately implies that any 
sphere eversion/,, < f < 1, has an instant with nifr) > 4tt. The following result 
gives a corresponding upper bound. 

Theorem 1.1 For every e > there exists a sphere eversion/,, < t < I, with 

max K(ft) < Svr + e. 

0<K1 

In fact, ft can be chosen so that for each f G [0,1] there exists a unit vector v, G 
such that the height function (/,, v,) : 5^ ^ M has exactly two non-degenerate critical 
points. 

Theorem 1.1 is proved in Section 2.2. It is interesting to compare this result to the fact 
that the L^-norm of the mean curvature W(f) (also known as the Willmore energy) 
of immersions / : 5^ ^ has the following property. For any sphere eversion ft , 
< ? < 1 , there exists some r € (0, 1) such that W(fr) > 16tt. (This is a consequence 
of two results: any sphere eversion has a quadruple point, Max-Banchoff [8], and 
W(f) > 167r for any immersion/ with a quadruple point, Li-Yau [7].) 

It is unknown to the author whether the result in Theorem 1 . 1 is best possible. We 
therefore ask: what is the infimum o/maxo<Ki nift) over all sphere eversions f, 
0<t<\? 

In Propositions 3.3 and 3.4 we make two general observations about local minima 
of k: an immersion of a closed w-manifold into M"+^ which is a critical point of k 
must have total curvature a multiple of the volume of the unit n -sphere and its Gauss 
map cannot have fold singularities. These observations imply that all local minima 
of K with curvature function which meets a non-degeneracy condition are so called 
relatively isotopy tight (RIT) immersions with certain special properties, see Section 4.2. 
(Relatively isotopy tight immersions were introduced by Kuiper and Meeks in [6] , we 
recall their definition in Section 4.1.) We show in Theorem 4.2 that RIT immersions 
with the special properties just mentioned are non-injective. As a consequence we 
obtain the following result. 

Theorem 1.2 Any local minimum / : ^ of k with a non-trivial regular value 
of K is an RIT immersion such that any component of ^~^((— oo, 0]) is an annulus. In 
particular, no such local minimum is an embedding. 

Theorem 1.2 is proved in Section 4.3. 
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2 Total curvature and a sphere eversion 

In this section we recall properties of the total curvature of a closed n-manifold 
immersed into M""*"^ . We then describe a sphere eversion which constitutes a proof of 
Theorem 1.1. 

2.1 Total curvature 

Let/: M —>■ ]R"+^ be an immersion of a closed oriented ^-dimensional manifold. Let 
v. M — > S", where §" is the unit sphere in M"+^ , be its Gauss map which takes a point 
/7 G M to the positive unit normal of df(TpM). The total curvature K(f) of f is the 
mapping area of u. Standard results, see Cecil and Ryan [1], then imply 



where in the first expression \J{u)\ is the absolute value of the Gauss-Kronecker 
curvature off and da is the volume element of the metric induced by/, and where in 
the second, integral geometric expression, /i(/v) denotes the number of critical points of 
the function /, : M —>■ M, /.(x) = {/(x), v) , where v G S" is a unit vector. 

2.2 A sphere eversion 

Let / : 5^ — > be any immersion. Then for generic unit vectors v in the 
composition off with the orthogonal projection vr,. along v to a plane perpendicular 
to V is a map with only stable singularities. In particular this means that the image of 
the singular set of tTv o/ is a piecewise regular curve with cusp singularities. More 
precisely, the jet transversality theorem implies that for generic v G the set of points 
p £ such that v G df(TpS^) is a smooth 1 -dimensional submanifold Sv(/) C S 
and that v gives a vector field along (f) which is tangent to Sv(f) with order one 
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tangencies at isolated points in Y^^if). These points form a subset which we denote 
£',(/■) C SvCf). We call the image of the singular set Sv(/) under tTv of the fold curve 
of TT^.of. It is a piecewise regular curve with singularities corresponding to the points 
in where the fold curve looks like a semi-cubical cusp {{x,y) G : = y^} 

up to left-right action of diffeomorphisms of the plane, we call such singularities cusps. 
Define the total curvature k of a piecewise regular planar curve with cusps as the sum 
of the total curvatures \k\ ds of its regular pieces c, where k is the curvature function 
of the regular curve c. (Note that there are no curvature concentrations at the cusps.) 
We then have the following 

Lemma 2.1 Iff-.S^^M? is an immersion then 



Proof This is immediate from the integral geometric expression for the total curvature: 
the local extrema of the height function f^ for w perpendicular to v are in one to one 
correspondence with the local extrema of the height function in direction w on the curve 
TT o/(Sy(/")) which are not cusps, see (2.2) below. This implies that (2.1) holds up to an 
over all normalizing constant. Considering the round sphere it is easy to see that this 
constant equals as claimed. □ 

Consider an immersion / : ^M? and let v be a generic unit vector. Thinking of 
as X M, where v points in the M-direction we write / = (vTy of,f,). For A > the 
map/'^'*' = (tt,, o/, A/v) is an immersion. 

Lemma 2.2 As A ^ 0, nif^'^') tends to twice the total curvature of the fold curve of 
TTy of . As A ^ cxD, nif^'^') tends to I-k times the number of critical points of the Morse 
function f, . 

Proof The first statement is a consequence of Lemma 2.1 together with the fact if 
w / ±v is any unit vector, w = av + Pwq, (wq, v) = 0, (wo,wo) = 1, and j3 > 0, 
then/^'*'^ —>-fwo as A ^ 0. The second statement follows similarly from the integral 
geometric formula for the total curvature. □ 

We will next construct a sphere eversion /, : 5^ — > , < f < 1 , such that 
maxo<f<i ^(/f) < Stt + e. To this end we first describe the middle stage gi of a sphere 

2 

eversion : ^ , < t < I , closely related to f . This middle stage is a nearly 
planar immersion: = (vTy o h, A/iy) for some immersion h and for small A > 0. In 

2 
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Figure 17 we depict the image of the projection vTy oh. In order to see that Figure 17 
is really the projection of a sphere immersion we argue as follows. Subdivide into 
three parts: an thin band B around the equator, a northern disk D„ , and a southern disk 
Figure 18 depicts the images under vTy o h of D„ and Dg. In order to connect these 
pieces with the band B to form an immersed sphere we consider the local model of an 
immersion projecting with a cusp. If (u, v) are local coordinates around a point in 
and {x,y, z) are coordinates in we have 

x{u, v) = u, 
yiu, v) = v(v^ + u), 
(2.2) z{u, v) = V. 

The fold curve of the projection to the xy-plane is given by {{u, v): u = — 3v^} . The 
projection of the curve {{u, v): u = — 3v^ + e} to the xy-plane is a curve with a kink 
and one transverse double point for e > 0, as e ^ the kink shrinks, for e = the 
curve has a cusp, and for e < the curve is injective. Using this model around the small 
kinks of the curves vTy o h{dD„) and vTy o h{dDs), see Figure 18, it is straightforward to 
connect and h{Ds) with an immersion /j of B so that vr,, o is as in Figure 17. 

In order to describe the sphere eversion g, it thus remains to connect the middle stage 
gi_ described above with standard spheres of opposite coorientations. To this end, we 

2 

use an abstract argument (although it is straightforward to draw a sequence of somewhat 
complicated pictures). 



Algebraic & Qeometric Topology 6 (2006) 



498 



Tobias Ekholm 





Figure 18: Two immersed disks 



Consider any sphere immersion / : 5^ ^ such that the height function fvip) = 
{v,f(p)) has exactly two non-degenerate critical points for some direction v. We say 
that such a critical point is positive (negative) if the direction of the coorienting normal 
of the immersion agrees (does not agree) with its mean curvature vector at that point. 
Let the minimum of fy be fv(q-) = m and the maximum be fv{q+) = M. Then for 
m < a < M , f{fy^{a)) is an immersed planar curve in a plane perpendicular to v. In 
this way we can view / as a 1 -parameter family of immersed planar curves which 
begins and ends at embedded circles. In particular, since the tangential degree of the 
members of such a family is constant, it follows that the two critical points in the 
direction v have the same sign. 

Lemma 2.3 Let fj: ^ M.^ be immersions and let vy be unit vectors, j = 0, 1 . 
Assume that the height functions (fj)vj, 7 = 0, 1, have exactly two non-degenerate 

critical points and that the signs of the critical points of (/'o)vo agree with the signs of the 
critical points of (fi)vi ■ Then there exists a reg ular homotopy 5^ ^ , < f < 1 , 
from/o to/i, and a continuous family Vj, < f < 1, of unit vectors such that (ft)v, has 
exactly two non-degenerate critical points for all t. 

Proof After composing /o with a rotation of which takes vq to vi , and a scaling 
and translation in the vi -direction we may assume that vq = vi = v and that the 
maxima (minima) of the functions (fo)v and (/i)v both equal M (m). The lemma 
is then a consequence of the Smale-Hirsch -principle for immersed planar circles 
as follows. We view the two immersions as two paths Fq: x [0, 1] 
and Fi : 5^ x [0, 1] — > of immersed plane curves, where the curve Fj(», r) is 
fj{(fj)v\m + 5 + t{M -m- 25))) J = 0,1, for some small 6 >0. Then the start- and 
end-curves Fj{», 0) and Fj{», 1), j = 0, 1 , are very close to simple convex planar curves 
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since they are intersections of the original immersions with planes perpendicular to the 
direction of the height function very close to its extrema. The Smale-Hirsch /z -principle 
says that these paths of curves can be extended to a family of plane curve immersions 
F : X [0,1]^ with F{», •,]) = Fj, j = 0, 1 , if and only if the coiTcsponding 

paths Fj : x [0, 1] ^ - {0}, which assign to a point (6*, t) £ x [0, 1] the 
non-zero tangent vector ^Fj(9, t), can be similarly extended as a continuous map F 
into - {0}. 

Such a family F : x [0, 1]^ — > of plane curves can be used in an obvious manner 
to construct a regular homotopy /, : S^^M^,0<t<\, which connects /o to f\ 
and which has properties as claimed. In order to finish the proof of the lemma we 
thus need only show that the topological extension problem has a solution. This is 
straightforward: consider as a union of a 0-cell and a 1-cell e\ k, [0, 1] with 
both endpoints identified with e^. First define an extension of F on eo x {/} x [0, 1] 
connecting Fo{eo,j) to Fi{eo,j),j = 0, 1 , in such a way that the loop F on eo x d[0, 1]^ 
is contractible. Then extend it to F: eo x [0, 1]^ ^ — {0}. Since, Fo\ei x {j} is 
homotopic to Fi\ei x {j} , 7 = 0, 1 , we can define F also on e\ x {j} x [0, 1] , 7 = 0, 1 . 
With this done F is defined on the boundary of [0, 1]^. Since vriCM^ — {0}) = we 
can find the desired F by extension over the cube. □ 

With Lemma 2.3 established, we return to our sphere eversion gt. If the immersion 

gi depicted in Figure 17 is sufficiently elongated in the v-direction then the resulting 

2 

immersion has exactly two critical points in the v-direction which are both negative. 
Lemma 2.3 then implies that we can connect gi^ with the standard immersion with the 
outward coorientation. On the other hand, if gi is sufficiently elongated in the w- 
direction then the resulting immersion has exactly two critical points in the w-direction 

which are both positive and Lemma 2.3 implies that gi can be connected with the 

2 

standard immersion with the inward coorientation as well. This gives a sphere eversion 
gt,0<t<l. 

Proof of Theorem 1.1 We show that the sphere eversion gf described above can be 
carried out in such a way that k exceeds Svr by an arbitrarily small amount. As shown 
in Figure 19, we can deform the middle stage depicted in Figure 17 keeping it an 
immersion until it is arbitrarily close to the degenerate middle stage depicted on the right 
in Figure 19. Furthermore, as the middle stage approaches the degenerate middle stage, 
it is clear from the picture that the total curvature of the fold curve approaches the sum 
of the angles marked on the degenerate middle stage (exterior angles at ordinary corners 
of the fold curve, interior angles at cusps). In Figure 20, we show how to connect the 
degenerate middle stage to an immersion which is very elongated in one direction in 
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Figure 19: Deforming towards a degenerate middle stage 

which it has only two local extrema. The angles contributing to the total curvature of 
the fold line of the degenerate immersion are easily seen to have sum equal to At: at the 
middle stage and to decrease toward Itt as we rotate to obtain the elongated version on 
the left in Figure 20. It follows that we can connect two immersions go and g\ with 
exactly two extrema in directions v and w, respectively, where (v, w) = 0, which are 
very elongated in their respective directions and such that the critical points of go in 
direction v have signs opposite to those of gi in direction w, by a regular homotopy gt, 
< f < 1 , with maxo<r<i K{gt) < Svr + e for any e > 0. To finish the proof we note 




Figure 20: Deformation of the degenerate middle stage 

that Lemma 2.2 implies that go and gi can be taken to have total curvature arbitrarily 
close to 47r . It will thus be sufficient to connect these immersions with standard spheres 
keeping k smaller than Svr. Regarding the elongated immersions with two extrema in 
the long direction as a family of immersed plane curves as in the proof of Lemma 2.3 
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it is not hard to show that it is possible to connect these to standard sphere keeping k 

close to 4tt by elongating the entire deformation in the direction where the spheres 
have only two extrema until we arrive at a sphere immersion which is the boundary of a 
convex body. The latter can then be connected to a standard sphere through boundaries 
of convex bodies. □ 

3 General properties of local minima 

In this section we discuss local minima of the total curvature functional in general 
dimensions using some tools from contact geometry. 

3.1 Basic contact notions 

A contact structure on an orientable {2n + l)-manifold is a completely non-integrable 
field of tangent hyperplanes ^ C TN. That is, a field of hyperplanes given as ^ = ker a, 
where the non- vanishing 1-form a (the contact form) is such that the (2n + l)-form 
a A (da)" is a volume form on A'^. Note that if a is a contact form then da\^ is a 
symplectic form. A diffeomorphism of contact manifolds (A'^, ^ (N' , ^') is called a 
contactomorphism if it maps to . An immersion of an n-manifold / : L ^ N is 
called Legendrian if dfp{TpM) C ^/(p) for all p e L. 

3.2 The Legendrian lift of an immersion 

Let M be an 7i -manifold, let T*M be its cotangent bundle, and let tt : T*M — ^ M be 
the projection. Define the 1-form 8m on T*M 

0m(p)V = pidwV), p G T*M, V G TpiT*M). 

The unit cotangent bundle C/r*M"+' of M"+i carries a natural contact structure. 
Consider UT*W+^ as a subset of T*R"+^ , then the restriction a of the 1-form 
to UT*R"+^ is a contact form. Also the 1-jet space J\E>",R) = T*E>" x M of §" 
carries a natural contact structure with contact 1 -form 

(3 = dz- Os", 
where z is a linear coordinate on the R-factor 

If V G R"+^ then let v* be the linear form on M"+^ given by (v, •) , and if is a linear 
form let p* be the vector such that p = (p*,-). We write elements in r*M"+^ as {x,p), 
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where x G M"+^ and where p is a linear functional on M"+^ . Likewise, elements in 
T*S" will be written as (v,p) where v G §" C R""*"' and where p is a linear functional 
on M"+i such that piv) = 0. Note that the diffeomorphism $ : UT*R"+'^ j\E,") 

^(x,p) = (p*, X* -p(x)p, pix)^ 

is a contactomorphism. 

If / : M ^ M"+^ is an immersion of an oriented « -manifold we define its Legendrian 
lift Lf: f/r*M"+i by 

(3.1) Lf(p)= (f(p),i^(pr), 

where uip) is the positive normal off. Using $ we may regard as a map into 
as well. Note that Lf is a Legendrian immersion. 

Let TTi : C/r*M"+' R"+' and vri : C/r*R"+' ^ §" be the natural projections. If 
r : M ^ UT*W^^ is a Legendrian immersion such that vri o F is an immersion then 
there exists an orientation on M such that 7r2 o F* is the Gauss map of vri o F. 

Finally, let (p: S" ^ §" be a diffeomorphism then cp has a natural hft to a contactomor- 
phism $ : /Hs") ^./Hs"), 

(3.2) ^{x,p,z) = icP(x),po[dr'],z). 
Note that $ depends continuously on 

3.3 Shrinking volumes of maps and of Gauss maps 

Let M be a closed ^-manifold and let/: M ^ §" be any smooth map. By Sard's 
theorem the critical values of / form a subset of S" of measure zero. Assume that there 
exists a point p e M such that rank(4^) = n . Then the volume vol(f) of the map / 
satisfies vol(f) > . If p G S" is a regular value we say that the absolute multiplicity of 
/ at p is the (finite by compactness) number of points in/~^(p). We prove two lemmas 
about decreasing volumes of maps. 

Lemma 3.1 Assume that / : M ^8" has two regular values (a non- value is a regular 
value of absolute multiplicity 0) of different absolute multiplicities. Then there exists a 
1 -parameter family of diffeomorphisms <pt'- E>" —>■ E>" , < t < I, with (j)o = id and 
such that 

vol(0f o/)< \ol(f), for < ? < 1. 
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Proof Consider first the 1 -dimensional case. Let p and q be points in S of absolute 

multiplicity m and n respectively with m < n. Let A C be the positively oriented 
arc connecting p to q. Since the subspace of regular values in is open and since the 
absolute multiphcity is locally constant on this subspace, there exists S > such that in 
a (5-neighborhood of 9A in A the multiplicity is constant. Let B{x, r) denote the r-ball 
around x and choose a smooth function (f): 8^ ^ [0,1] with the following properties 

• ^ = on a 4(5 -neighborhood of — A, 



For small 9 > consider the 1 -parameter family of diffeomorphisms (f)t: S — >^ S 



If 6' > is sufficiently small then, for t > 0, (pt strictly decreases the length of the 
region where the multiplicity equals n and strictly increases the length of the region 
where the multiplicity equals m. The lengths of all regions of other multiplicities are 
left unchanged. The lemma follows in the 1 -dimensional case. 

In the higher dimensional case. Let p,q e 8" be regular values of multiplicities m 

and n, respectively with m < n. Connect p to q hy an oriented great circle arc 
A C §^ C Again, for sufficiently small 5 > 0, the absolute multiplicity is constant 
on a ^-neighborhood of OA . Consider a tubular neighborhood T x D(r]), with 
fiber disks D{r)) of radii < 77 < (5, of the great circle . Let * be a coordinate on 
and let (j){s) be a function as above. Let g : [0, ?/] —>■ [0, 1] be a non-increasing smooth 
function with g(0) = 1 and g = on [^r/, ?]] . Let ip : D(ri) [0,1] be the function 
V'(0 = ^d^D- Let {s, G X D{r)) be coordinates on T. For small ^ > define the 
1 -parameter family of diffeomorphism 4>t: S" ^ S" as = id on S" — T and 



in r, it follows that, for f > 0, (pt strictly decreases the volume of the set of regular 
values of absolute multiplicity n, strictly increases the volume of the set of regular values 
of absolute multiphcity m, and leaves the volumes of all regions of other multipMcities 



• ^= I on A- {B(p, ^5) UB(q,\6)), 

. f>0onB(p,6)and^<0onB{q,6). 




on T. Since the metric of S" has the form 



invariant. The lemma follows. 



□ 



Algebraic & Geometric Topology 6 (2006) 



504 



Tobias Ekholm 



Lemma 3.2 Assume that / : M ^ S" is a smooth map and that there are local 
coordinates x = (x',x") G M x M"~^ around p ^ M and coordinates y = iy' ,y") G 
M X M"-^ around /(/?) e S" such that 

f{x,x") = ((x')^^x") , for some k>Q. 

Then there is a 1 -parameter family of diffeomorphisms 0f : S" ^ S" , < f < 1 , 
supported in a small neighborhood of f(p) , and a cut-off function tpix) supported in a 
neighborhood of x such that 

vo\((Pt^ of) < vol(f), for < ? < 1. 

Proof The lemma can be proved by an obvious modification of the proof of Lemma 3.1. 

□ 

Proposition 3.3 Let/: M ^ M"+^ be an immersion which is a local minimum of k 
of normal degree d. Then K(f) = vol(S")(|(i| + 2k), for some integer ^ > 0. 

Proof Note that the Gauss map of / is smooth and that any regular value has 
algebraic multiplicity d, and therefore absolute multiplicity |£/| + 2^: for some ^ > 0. If 
the volume of the Gauss map is different from vol(S")(|(i| + 2m) for all integers m then 
it follows that there are regular values of u of different multiplicities. Let 0; : S" ^ S" , 
< t < 1, be a family of diffeomorphisms as in Lemma 3.1 which shrinks vol(i/). 
This family induces a family of contactomorphisms <I>, : 7^(S") — > /^(S"), see (3.2), 
and hence of UT*R"+^ . Since the set of Legendrian immersions T : M ^ UT*R"+^ 
such that vTi o r is an immersion is open, it follows that for e > 0, sufficiently small, 
vTi o o/, < f < e, is a regular homotopy of / shrinking the total curvature. The 
proposition follows. □ 

Proposition 3.4 If the Gauss map of/: M ^ M"+^ has the form of the map in 
Lemma 3.2 then there exists a regular homotopy/, < f < 1 , with/o =/ and such 
that 

^^^mr^o < 0. 

Proof Similar to the proof of Proposition 3.3. □ 

4 RIT immersions and curvature generic local minima 

In this section we discuss relatively isotopy tight (RIT) immersions. These are closely 
related to local minima of the total curvature functional. We prove a non-injectivity 
result for RIT immersions and apply it to demonstrate Theorem 1.2. 
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4.1 Relatively isotopy tight immersions 

Let M be a closed surface and recall that if / : M ^ and v G then denotes the 
height function in direction v composed with/. 

Definition 4.1 An immersion/: M ^ is relatively isotopy tight (RIT) if 

K(f) = Itt max u(/v) = lir min Li(fv)- 

ves^ ve§2 

and 

mmnigy) > , 
for every immersion g in some neighborhood off. 

This is Definition A, in Kuiper and Meeks [6], where the following structure theorem 
appears as Fundamental Lemma 2. (For simplicity of formulation we state it for 
embeddings, the obvious analog for immersions holds as well.) 

Theorem (Kuiper and Meeks) If / : M ^ is an RIT -embedding (immersion) 
then there exists an integer k and convex surfaces dBo, . . . , dB^ in M? such that the set 
Mk>q = K~^{0, oo) satisfies 

k 

Mk>o = \J{dBj)K>o. 

7=0 

The unique principal component Mj' of dBj n M contains (dBj)K>o and is obtained 
from dBj by deleting disjoint plane convex disks in dBj . The boundary of such a disk 
is called a top-circle. The plane 11(7) of a top-circle 7 supports some neighborhood 
U CM of 11(7) n Mj^ . Moreover, 

K(f) = 4tt{\ + g{M) + Ik). 

All these properties together are sufficient for an embedding (immersion) to be RIT. 



4.2 Non-injectivity 

In [6] , the following question concerning RIT immersions of 2-spheres is posed as 
Problem 5: Is there an RIT embedding of the 2— sphere with k = Att + Snkfor some 
k > 0?, and it is shown that there are no such embeddings for = 1 . In this subsection 
we prove the following result which give some partial information about this question 
(and which, as we shall see in Section 4.3, also leads to a proof of Theorem 1.2). 
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Theorem 4.2 Let / : j^jj 

immersion with the following properties. 

(a) At least one component of A'~^((— oo, 0]) which intersects K~^{{—oo, 0)) is an 
annulus with one boundary component bounding a disk D C such that A' > 
on D. 

(b) If is a non- vanishing normal vector field of / and if p,q £ are any two points 
with K(p) > and K(q) > then {u(p),H(p)) ■ {u{q),H(q)) > 0, where H(p) 
is the mean curvature vector off at p. (In other words the signs of {v{p),H{p)) 
agree for all p £ with K{p) > 0.) 

Then / is non-injective. It follows in particular that every RIT immersion such that all 
components of cxd, 0]) are annuli is non-injective. 

Theorem 4.2 will be proved using two lemmas which we present next. It should be 
viewed in the light of the structure theorem for RIT immersions which has the following 
consequences. Let / : 5^ ^ be an RIT immersion. Then the structure theorem in 
Section 4. 1 gives a subdivision of into planar surfaces of two kinds. The first kind 
is the planar surfaces Vfj' which map in a one to one fashion onto the convex bodies 
dBj with planar convex disks removed. We write $1+ for the union ^j^f over all 
components. The second kind of planar surface is a component of — . We denote 
such components VL'^ and their union VL^ = U^i^^ ■ Then each is a sphere with 
r > 2 disks removed. Our first lemma gives a non-embeddedness condition for such 
components which are spheres with two disks removed. 

Let/: 5^ X [0, 1] ^ M? be an immersion with the following properties. 

(i) The map f\S^ x {a} is a planar curve bounding a convex region in a plane 
Ila, a = 0, 1, 

(ii) for some neighborhood Na of f^^ (Ha), f{Na) is supported by n^, and adjoining 
to / a small collar in the plane 11^ , outside Da , we get a -immersion, a = 0, 1 , 
and 

(iii) K(f) = A-K. 

The Gauss-Bonnet theorem then implies that K < everywhere in x [0, 1]. It 
follows from this that/(5'^ x [0, 1]) is contained in the convex hull of dD^ and dD\ (if 
not, it is straightforward to find a point p £fiS^ x [0, 1]) where K > 0). 

Lemma 4.3 If Do H Di / , and if ODq and dD\ are unlinked then / is non-injective. 

Proof We have Dq n Di / and ^ < in 5' x [0, 1]. If dDo n 9Di / then / is 
not injective. Thus assume that dDo n dDi = 0. The linking condition then implies that 
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the boundary of one of the disks does not intersect the other. Assume for definiteness 
thatDonODi = 0. 

We claim that/(5' x [0, 1]) n int(Do) / 0, where int(X) denotes the interior of X. 
Suppose that this is not the case. Then we complete x [0, 1]) to an embedding 
g: ^ m3 of the 2-disk as follows. Add a small collar Co(r/) = dDo x [0, ??] 
along X {0}) in the direction of the normal uq of the plane IIo which points into 
the half space of not containing f(No) ■ Also add a copy of Do , Doirj) shifted r] 
units along this normal, and finally add a large annular region Ai in IIi bounded by 
dDi and the boundary of a large disk containing Di . This is the image of the piecewise 
smooth embedding g: . (This is an embedding since x [0, 1]) lies inside 

the convex hull of its boundary.) 

Let hi denote the height function in the direction perpendicular to IIi normalized so 
that h\ = on Hi . We can further complete the embedding g of the disk to embeddings 
of a sphere in two different ways: add the lower hemisphere (hi < 0) of the sphere 
containing dAi — dDi as a great circle, or add the upper hemisphere {h\ > 0) of this 
sphere. We call the former embedded sphere Gi and the latter G„ . 

Then G„ and G; bound balls in M? . Noting that the global maximum on Gj of hi 
and the global minimum on G„ of hi lies in Do(r]) U Co(?7) we find that the outward 
coorientations along Z)o(??) of both G„ and of G/ must point along uq. This local 
coorientation however determines the outward coorientations of G„ and G/ along Ai . In 
particular, the outward coorientations of Gu and G/ along Ai must agree. This, however, 
contradicts the fact that the global minimum oi hi on G/ and the global maximum of hi 
on Gu are attained on the added half-spheres since their outward coorientations induce 
opposite coorientations on Ai . We conclude that/(5' x /) n int(Do) 7^ 0. 

After an arbitrarily small translation of Do along the normal line to Do we may assume 
that / intersects int(Do) transversely. If some component of this intersection bounds 
a disk in 5^ X [0, 1] , then this disk has an extremum in a direction perpendicular to 
Do and thus has a non-degenerate extremum in some direction arbitrarily close to this 
one. Such an extremum contradicts ^ < . On the other hand, if no component of the 
intersection bounds a disk in x [0, 1] then there exists a component which together 
with dDo bounds a cylinder which must have at least one extremum in the direction 
perpendicular to Do , which again contradicts K <0. We conclude that / cannot be an 
embedding. □ 

Let/: X [0,1] ^ be an immersion with the properties (i)-(iii) (stated above 
Lemma 4.3) which is also an embedding. Let uq and ui be the unit normal vectors of 
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Ho and Hi which point into the half spaces which do not contain /(A^o) and/(A'i), 
respectively. Moreover, assume that dDo and dD\ are unlinked. 

Lemma 4.4 If is a normal vector field of / then for any p G 5' x {0} and any 

q£ X {1} {vq, u(p)) > if and only if {vi,u{q)) > 0. 

Proof For small > 0, let C/??) = dDj x [0, r/] be the collar on dDj in direction Vj 
and let Dj{ri) be Dj shifted rj units along Vj. It follows from Lemma 4.3 that for r/ > 
small enough 

Do(r/) U Co(r/) U/(5' x /) U Ci(r?) U D,{ri) 

is an embedded sphere. Considering the height functions in directions perpendicular to 
Ho and Hi we find that the outward coorientation of this sphere is vq along Do(f?) and 
v\ along Di{r]). The lemma follows from the continuity of the coorientation. □ 

Proof of Theorem 4.2 We argue by contradiction: assume we can find an RIT em- 
bedding / with properties as described. Note first that if any two top-circles in the 
decomposition of / are linked then / cannot be an embedding. Assume thus these 
circles are pairwise unlinked. 

Consider the image /(D) of the disk D where the curvature is non-negative, D C 1^+. 
Let B denote the convex hull of /(Z)). Let A C ft- denote the non-positively curved 
cylinder in the decomposition off such that (9B n 9A 7^ 0. Write 5A = Si U S2 and 
let Si = dB n dA. Lemma 4.3 implies that the convex planar disk A2 bounded by S2 
must either lie entirely outside B or entirely inside B. 

If A2 lies outside B then A n int(Ai) / 0, where Ai is the convex planar disk bounded 
by Si . (To see this, note that points in A near Si lies inside B.) The argument used in 
the proof of Lemma 4.3 then shows there exists a point where K > in A. But ^ < 
in A, hence A2 lies inside B. 

As in the proof of Lemma 4.4 let, for small ?? > , Cj{r]) = c?Sj x [0, r?] , 7 = 1 , 2 , be a 
collar in the direction of the normal of the plane of Ay which points away from A and 
let Aj(r]) be Ay shifted r] units along this normal. Note that /(D) U A U €2(1]) U A2(r?) 
is an embedded 2-sphere which subdivides into two connected components. One 
of these components is a subset of int(B) , we call that component X{r]) . 

Let III and 112 be the planes which contain Ai and A2, respectively. Consider an 
embedding k: D'^ —>-M? with the following properties: 

(i) k{dD^) = S2, 



Algebraic & Geometric Topology 6 (2006) 



Regular homotopy and total curvature II 



509 



(ii) there exists some neighborhood U of k (III) and some neighborhood V of 
Hi n A in A such that k(U)UV isa smooth surface supported by 112, and 

(iii) k(mt(D^)) n (f(D) U A U C2(v) U A2(r?)) = . 
Clearly, such embeddings k satisfies k(D^) c X(i]) . 

Let E = S^-(D Uf-\A)). Then/: £ ^ MMs a disk embedding which satisfies 
(i) and (ii). Moreover, for almost all 77 > Q,f(E) intersects A2(r/) transversely. We 
construct an embedding g: ^ fulfilling also (iii) as follows. 

By transversality/(£')nint(A2(?7)) is a finite collection of circles. Consider an innermost 
circle 7 in this intersection and its preimage T in £. Note that F divides E into a disk 
Ed and an annulus Ea . Define the map g' : ^ by cutting f(E) along 7 and 
replacing fiEa) with the disk bounded by 7 in A2(?7) shifted sMghtly in the direction of 
f(Ea). By induction we remove all intersection circles. Let g . ^ ^(??) denote the 
embedding constructed in this way. 

Let /j2 be the height function in the direction perpendicular to 1X2 such that /i2(n2) = 0, 
and such that /i2 o g is positive near the boundary of . Then h2 o g has a global 
minimum on D^. Assume first that the value of /i2 o g at its global minimum equals 0. 

Note that Ai(77) U Ci(ry) U A U C2(77) U A2(77) is an embedded sphere which bounds a 
ball. Let a(r)) be an arc inside this ball connecting Ai(r)) to A2(r/) and meeting the 
boundary transversely. Add to a(r/) two half-rays perpendicular to A 1(77) and l^iirj), 
respectively, to get an embedded curve /3(r/). Note that g{dD^) and /3{r]) have linking 
number one. Therefore g{D^) must intersect /3{r]). In fact it must intersect a{r]) since 
the global minimum of l^o g equals 0. This however contradicts k{D^) C X(r]) for all 
rj>0 since a(ri) eM? - int(A'(77)). 

It follows that the value at the global minimum of /12 o g is smaller than 0. This impMes 
in particular that the global minimum on g(D^) of a height function h very close to 
h2 is attained at some point of q of g{D) with K{q) > . Since the part of the image 
of g which is not in the image of / can be taken arbitrarily close to {h2 = 0} this 
non-degenerate global minimum q must be a point in the image of /. Consider the 
embedded sphere Y = f(D) U A U g(D^) . Since ^ is a global minimum in g(D^) of a 
height function h arbitrarily close to h2 there exists a path in the closure of the bounded 
component of — F which connects ^ to a point q' G f(D) such that h(q') < h(q) 
and such that K{q') > 0. It follows that the outward coorientation v of Y satisfies 

(4.1) {v{q\H{q)) = -{u{q\H{q')). 

However, it is clear from the above construction that the coorientation uofY agrees 
(up to an over all sign) with the coorientation of / for points in Y which are in the 
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image of/. Thus, (4.1) contradicts our coorientation assumption on/ and we conclude 
that / cannot be an embedding. 

The last statement of the theorem is a direct consequence of the above and Lemma 4.4 □ 
4.3 Curvature generic local minima 

Let / : 5^ ^ 'M? be an immersion. Let K denote the curvature function of the metric 
induced by /. We say that / is curvature generic if is a regular value of/. 

Lemma 4.5 Let / : 5' ^ be a curvature generic local minimum of n . Then / is 
an RIT immersion such that any component Qj of K~^{—oo, 0], see Section 4.2 for 
notation, is a two-holed sphere. 

Proof Let 7 C 5^ be a component of K^^iO). Then 7 is an embedded circle. Let s 
be a parameter along 7. We show that 



where v is the Gauss map of/. Assume not, then there exists an open arc a in 7 where 
7^ 0. Since / is curvature generic there exists coordinates (a, v) S (—5, 6)^ = W 
around some point p & a with K^^{0) = {v = 0}. Since j-^v{p) / 0, the second 
fundamental form of / is non-trivial at p and hence has a non-zero eigenvalue. But 
since K{p) = at least one of the eigenvalues of the second fundamental equal 
zero. It follows that if W is chosen small enough then the eigenvalues of the second 
fundamental form of / are distinct throughout W . Let ei , ^2 be the eigenvector fields of 
the second fundamental form along W , with corresponding eigenvalues Ai, A2. Then 
^ = Ai A2 = along {v = 0} . Since is a regular value of K we find 



This implies that at most one of Ai , A2 vanishes along {v = 0} . Assume it is Ai . Since 
^i/(m, 0) / we see that ei and 9„ are linearly independent. Moreover ^(m, 0) / 0. 
Using the flow of e\ we construct a coordinate system (m,x) in a neighborhood of 
{v = 0} . We have 

d \ 21 

v{u,x) = v{u,0) + —v{u,0)x+ -—ru{u,0)x +0{x). 
ox 2 ox^ 

Since ^u{u,x) = Xyci and ^_v{u,0) = ^ei, 

1 d\ 

v{u,x) = K",0) + +-— ei(M,0)x^ + 0{x^). 

2 ox 
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Thus V has a fold singularity along {v = 0}. By Proposition 3.4, this contradicts/ 
being a local minimum and we conclude that uis) = v.^ is constant along 7 . Since 
(7, v^) = we find that 7 lies in a plane orthogonal to . 

We subdivide the components of ^^"'(0) into levels as follows. Any component 
7 subdivides the sphere into two disks. If one of these disks do not contain other 
components of = ^ ' (0) we say that 7 is a curve of level . In general we make the 
following inductive definition. Let Qj be the subset of K ' (0) obtained by removing 
from it all components of level smaller than/ Define a component of ^^^(0) to have 
level j if one of the two disks into which it divides does not contain any component 
in Qj. 

Let 7 be a 0-level component of K ' (0) . By the above /(7) is planar curve in a plane 
with normal v^. We claim that/(7) must be convex. Consider an arc A of 7. The 
union of one piece of the surface near A (the positively curved one) and a planar region 
with boundary A must be convex. It is clear that this piece lies in the direction of 
the curvature vector of A . Hence, since 7 separates negative curvature from positive 
(because is a regular value of K), it must be locally convex and the plane in which it 
lies is a local support plane of/. Moreover, restricted to any curve sufficiently near 7 
the image of the Gauss map is a curve wrapping around i/^ G « times. Filling this 
curve with a disk with singularity in the middle we get a branched cover of the sphere 
by a sphere with one singular point of multiplicity n . The Riemann-Hurwitz formula 
gives 

X{S^) = nx{S^)-{n-\) = n+l, 

where x denotes the Euler characteristic. Hence n = \ and /(7) is convex. 

Assume inductively that the images of all curves of level 7 — 1 are planar and convex. 
Consider a level j curve dRj^ which bounds a region R C and such that all other 
boundary components dR- of R are curves of level j — I. Consider the Gauss 
map restricted to R. Our inductive assumption shows that the map ij\{R — dR+) 
gives an immersion from the disk R obtained from R by filling each component of 
dR- with a disk. Arguing as above we find that f(^R-^-) is convex as well and that 
k{R) = area{v{R)) = An. Thus by the Gauss-Bonnet theorem, if h denotes the number 
of holes in the negatively curved sphere with holes 

KdA = -4tt = 2tt{2 - h) - Inh = 47r - 47r/j. 

Hence h = 2 and it follows that each negatively curved component is a cylinder. (One 
may see that each component of K^\{—oo, 0)) is a cylinder also by using K < and 
the line fields arising as asymptotic directions.) □ 



Algebraic & Geometric Topology 6 (2006) 



512 



Tobias Ekholm 



Proof of Theorem 1.2 It follows from Lemma 4.5, that any curvature generic local 
minimum of k is an RIT immersion which satisfies the conditions of Theorem 4.2. The 
theorem then follows from Theorem 4.2. □ 



References 



[1] TE Cecil, PJ Ryan, Tight and taut immersions of manifolds. Research Notes in 
Mathematics 107, Pitman (Advanced Publishing Program), Boston (1985) MR781 126 

[2] T Ekholm, Regular homotopy and total curvature I: circle immersions into surfaces, 
Algebr. Geom. Topol. 6 (2006) 459^92 

[3] M Gromov, Partial differential relations, Ergebnisse series 9, Springer, Berlin (1986) 
MR864505 

[4] M W Hirsch, Immersions of manifolds. Trans. Amer Math. Soc. 93 (1959) 242-276 
MROl 19214 

[5] N H Kuiper, Convex immersions of closed surfaces in . Nonorientable closed surfaces 
in with minimal total absolute Gauss-curvature, Comment. Math. Helv. 35 (1961) 
85-92 MROl 24865 

[6] N H Kuiper, W Meeks, III, Total curvature for knotted surfaces. Invent. Math. 77 

(1984)25-69 MR751130 

[7] P Li, S T Yau, A new conformal invariant and its applications to the Willmore 
conjecture and the first eigenvalue of compact surfaces. Invent. Math. 69 (1982) 
269-291 MR674407 

[8] N Max, T Banchoff, Every sphere eversion has a quadruple point, from: "Contributions 
to analysis and geometry (Baltimore, Md., 1980)", lohns Hopkins Univ. Press, Baltimore, 
Md. (1981) 191-209 MR648465 

[9] S Smale, A classification of immersions of the two-sphere. Trans. Amer. Math. Soc. 90 
(1958) 281-290 MR0104227 

[10] S Smale, The classification of immersions of spheres in Euclidean spaces, Ann. of Math. 
(2) 69 (1959) 327-344 MR0105117 

Department of mathematics, USC 
Los Angeles CA 90803, USA 

tekholmfiusc . edu 

Received: 8 February 2005 Revised: 22 February 2006 



Algebraic & Geometric Topology 6 (2006) 



